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Composition of functions

More functions can be generated by addition/subtraction,
multiplication/division and transformations of functions.
Composition of functions creates new functions called composite
functions.

Given two functions f and g, f composition g, denoted as f o g,
is defined by f(g(x)) when the range of g is a subset of the
domain of f, i.e. r, = d, .

Example 1 Given f(x)=1log,(x) and g(x)=x*+1, find the
rule for f o g and state its domain and range.

£ 2 8(x)= f(g(x)=log, (g(x)) = log, (x* +1)
The maximal domain of fis (0,00), 2 x2+1>0 and it is true for
any x€ R . .: the domainof fog isR.

Since x> +12>1, .: the lowest value of fog is log,1=0, .: the

range of fog is [0,00).

Example 2 Given f: [2,10) —R, f(x) =log, (x) and
g:D—>R, g(x) =x" +1, find the maximal domain D such that
f o g is defined and state the range of fog .

The domain of fis [2,10), 2 2<x*+1<10, 1<x* <9

2 -3<x<-lorl<x<3

2 Dis (- 3,—1]u[1,3) which is also the domain of fog.
The range of f o g is [loge 2,log, 10).
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Example 3 Given f(x)=¢" and g(x)=x>—4x—5, find the
rule for g o f and state its domain.

gof(x)=g(F(x))=(ef —4e* —5=¢> —4e* -5
I is (O,oo), dg isR, .. I gdg .. the domain of fis also the

domain of go f ,i.e. R.
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Example 4 Given f(x): |x| and g(x) =sinx, find (a) fog
and (b) go f . Sketch the graph and state the range in each case.

(a) fo g(x)= f(g(x))= f(sin x)=|sin x| . The range is [O,l].

() go f(x)=g(f(x))= g(x])=sinly. The range is [-1,1].

Example 5 (2006 VCAA Sample Exam 2 Version 2)
Find the maximal domain, D, of the function f:D — R with

rule f(x) =log, (Ix|)+ 1.

|x/>0,ie xe R\{0},.:Dis R\{0}.

Example 6 (2007 VCAA Exam 2) Let g(x)=x>+2x—3 and
f(x)=e>* . Find f(g(x)) )

f(g (x)) _ f(x2 $ox— 3): eZ(x2+2x—3)+3 = P23

Example 7 (2007 VCAA Exam 2) The graphs of y= f (x) and
y= g(x) are shown below. Sketch the graph of y= f (g(x))

Let f(x)=x(x—2) and g(x)=—|x|.
v = £(g(x)) =l - 2)=|xl(+2)
For x>0, y=ux(x+2); for x<0, y=—x(—x+2)=x(x—2)
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Example 8 (2010 VCAA Exam 2) Given f(x)= %esx and

g(x)= logg(2x)+3 , find g( f (x)) and its maximal domain.

g<f<x>>=g(geﬁxjﬂoge[zx;esxjﬂ

=log, e +3=3x+3.
The range of f'is a subset of the domain of g, i.e. re C dg s

.: the maximal domain of g( f (x)) is the maximal domain of f,
ie. R.

Example 9 Let f:(—l,oo)—)R, f(x):p—x2 and

gi(—°°,2]—>R, g(X)= —p, where p>0.Find the

1
(x=3)
values of p such that both fog and go f are defined.

d, = (—l,oo), rp= (—oo,p], why?

d,=(-e2]. r,=(pl-p]. why?

For fog tobedefined, r, d, . ie. (- pl—plc(-1,e)
2 -p=2-l,ie. p<l1

For g o f to be defined, re C dg ,1.e. (— oo, p]g (— oo,2]

2 p<L2

.: for both to be defined, p<1 AND p<2,.:0<p<l1

Functional equations

2x* =3y =35 is an equation in x and y.
3f(x)+ (f (y))2 —1=0 is a functional equation involving f(x)
and f ( y).

Example 10 Show that f (x) =x+ 1 satisfies the functional
X

equation f(uv)+ f(ij: f(u)f(v) for u,v#0.
v

F=xs . flw) s, fu u,v
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Example 11 Given f (x) =log, x+1, show that
f[%j—l = ()= £ ().

fx)=log, x+1, f(y)=log, y+1

2 flx)-f(y)=log, x—log, y = log%

f[ﬁj—1=loge£+1—1=logg£
y y y

Example 12 (2008 VCAA Exam 2)
Let f:R— R, f(x)=¢"+¢ . Forall ue R, express f(2u)
in terms of f(u) .

f(x)=ex +e ™, f(2u)=e2u T TR ST

=" +ef —2=(f()} -2

Example 13 (2009 VCAA Exam 2) Let f:R —» R, f(x)=x?
Which one of the following is not true? A. f(xy) ( )f y)
B. f(x)-f(-x)=0 C. flx—y)=f(x)-f()

D. f(2x)=4f(x) E. flx+y)+flx—y)=2(f()+ f())

flae=y)=(x=y)f =x"+y"=2xy, f(x)- fy)=x"=»"
2 fle=y)= ()= 1)

.. Cis not true.

Example 14 (2006 VCAA Exam 2) The function f satisfies the

[x;yjz f(X);f(y)

functional equation f where x and y are

any non-zero real numbers. Which one of the following rules is a
possibility for the function? A. f (x) = 10g6|x| B. f(x)=—

C. f(x)=2° D. f(x)=2x E. f(x)=sin(2x)

f(x) =2x is a possible rule.

X+y x+y
Check: f| 222 |=2 = x+
ecf(zjizjxy

)+ f(y) _2x+2y
2 2

& f(x)=2x satisfies f(x;yjzf(x)Jrf(y).

=x+y
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Example 15 (2007 VCAA Exam 2) The function f satisfies the
functional equation f ( f (x)) = x for the maximal domain of f.

Which of the following rules is a possibility for f?

A. f(x)=x+1 B. f(x)=x-1 C. f(x)=i—:
D. f(x)=log,x E. f(x)=’;_j

_x+l _ S+l 2x
Fl)=—= rrix)= E SRR

x=1 . . .
2 f (x) = satisfies the functional equation.
X+

Comment: f(f(x)) =x,. f(x) = f"'( ) i.e. the function and

x+1 ( ) x+1

its inverse are the same. For f( )=— fﬁ1 Ik it

satisfies the requirement f (x)= f "(x).
Example 16 Fo rf(x): 1—\/; , show that
@ )= f()+f(3)=F(x)f (y) and

) _SW)-rh) e
(b)fu L o ve

@ flx)=1-vx, f(3)=1-4y
£+ £()- f()() TRV T e () T )
“2 -yl f+ff) 1= = 7l

F0)=£6) _l=Vx)-l-5)_ -V
1= £(») 1-{=y) N
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Q1 Given f(x)=¢* and g(x)=x*>+1, find the rule
for f o g and state its domain and range.

Q2 Given f:[1,2)> R, f(x)=¢" and
g:D—>R, g(x) =x" +1, find the maximal domain D such
that f o g is defined and state the range of fog.

Q3 Given f(x)=|x—1| and g(x)=sinx, find (a) fog
and (b) go f . Sketch the graph and state the range in each
case.

Q4 Let g(x)=x*+2x-3 and f(x)=e>*.Find g(f(x))
and its domain and range.

Q5 The graphs of y=f (x) and y= g(x) are shown below.
Sketch the graph of y = g(f(x)).

Q6 Let f:(l,0) >R, f(x)=p—x* and
1
g.(—w,Z)%R,g(x)—m

the values of p such that both fog and go f are defined.

+ p, where p>0.Find

Q7 Show that f (x) = x—l satisfies the functional equation
X

f(ljﬂ{ﬁ]:o for u,v#0.
u 1%

Q8 Given f(x)=1-log, x, show that
F)+f(y)=1-flxy).

Q9 Given f(x)=¢* —e*and f'(x)=e" +e " express f(2x)
in terms of f( ) and f( )

Q10 Show that f (x) = satisfies the functional

x—1

equation f ( f (x)) =X.

Numerical, algebraic and worded answers: 1. Rule: f(g (x))= e’xz 1 domain: R, range: [e,oo) 2.Dis (—l,l) , range: [e,ez) 3a. [0,2] 3b. [—l,l]
4. g(f(x)=e*® +2e**3 -3 R, (3,0) 6.1<p<3 8. f(x)+f(y)=1-log, x+1-log, y=1+1-1log, xy =1+ f(xy)

7 f(%j+f[f]=%—f+f—%=0 9. Fla)= e —e ¥ e fer o) o) () 10, () =L - =T=x




