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Composition of functions 
 

More functions can be generated by addition/subtraction, 

multiplication/division and transformations of functions. 

Composition of functions creates new functions called composite 

functions. 
 

Given two functions f and g, f composition g, denoted as gf o , 

is defined by ( )( )xgf  when the range of g is a subset of the 

domain of f, i.e. fg dr ⊆ . 

 

Example 1  Given ( ) ( )xxf elog=  and ( ) 12 += xxg , find the 

rule for gf o  and state its domain and range. 
 

( ) ( )( ) ( )( ) ( )1loglog 2 +=== xxgxgfxgf eeo  

The maximal domain of f is ( )∞,0 , .: 012 >+x  and it is true for 

any Rx ∈ . .: the domain of gf o  is R.  

Since 112 ≥+x , .: the lowest value of gf o  is 01log =e , .: the 

range of gf o  is [ )∞,0 . 
 

 
 

Example 2  Given [ ) Rf →10,2: , ( ) ( )xxf elog=  and 

RDg →: , ( ) 12 += xxg , find the maximal domain D such that 

gf o  is defined and state the range of gf o . 
 

The domain of f is [ )10,2 , .: 1012 2 <+≤ x , 91 2 <≤ x  

.: 13 −≤<− x  or 31 <≤ x   

.: D is ( ] [ )3,11,3 ∪−−  which is also the domain of gf o . 

The range of gf o  is [ )10log,2log ee . 
 

 
 

Example 3  Given ( ) xexf =  and ( ) 542 −−= xxxg , find the 

rule for fg o  and state its domain. 
 

( ) ( )( ) ( ) 5454 22
−−=−−== xxxx eeeexfgxfg o  

fr  is ( )∞,0 , gd  is R, .: gf dr ⊆  .: the domain of f is also the 

domain of fg o , i.e. R.  

 

 

 

 

 

Example 4  Given ( ) xxf =  and ( ) xxg sin= , find (a) gf o  

and (b) fg o . Sketch the graph and state the range in each case. 
 

(a) ( ) ( )( ) ( ) xxfxgfxgf sinsin ===o . The range is [ ]1,0 . 
 

 
 

(b) ( ) ( )( ) ( ) xxgxfgxfg sin===o . The range is [ ]1,1− . 
 

 
 

Example 5 (2006 VCAA Sample Exam 2 Version 2) 

Find the maximal domain, D, of the function RDf →:  with 

rule ( ) ( ) 1log += xxf e . 
 

0>x , i.e. { }0\Rx ∈ , .: D is { }0\R . 
 

 
 

Example 6 (2007 VCAA Exam 2)  Let ( ) 322 −+= xxxg  and 

( ) 32 += xexf . Find ( )( )xgf . 
 

( )( ) ( ) ( ) 34233222
22

32 −++−+ ==−+= xxxx eexxfxgf  

 

Example 7 (2007 VCAA Exam 2)  The graphs of ( )xfy =  and 

( )xgy =  are shown below. Sketch the graph of ( )( )xgfy = . 

 

                                
 

Let ( ) ( )2−= xxxf  and ( ) xxg −= . 

( )( ) ( ) ( )22 +=−−−== xxxxxgfy  

For 0≥x , ( )2+= xxy ; for 0<x , ( ) ( )22 −=+−−= xxxxy  
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Example 8 (2010 VCAA Exam 2)  Given ( ) x
exf

3
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1
=  and 

( ) ( ) 32log += xxg e , find ( )( )xfg  and its maximal domain. 
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333log 3 +=+= xe x

e . 

The range of f is a subset of the domain of g, i.e. gf dr ⊆ ,  

.: the maximal domain of ( )( )xfg  is the maximal domain of f, 

i.e. R. 

 

Example 9  Let ( ) Rf →∞− ,1: , ( ) 2xpxf −=  and  

( ] Rg →∞− 2,: , ( )
( )

p
x

xg −
−

=
2

3

1
, where 0>p . Find the 

values of p such that both gf o  and fg o  are defined. 
 

( )∞−= ,1fd , ( ]prf ,∞−= , why? 

( ]2,∞−=gd , ( ]pprg −−= 1, , why? 

For gf o  to be defined, fg dr ⊆ , i.e. ( ] ( )∞−⊆−− ,11, pp  

.: 1−≥− p , i.e. 1≤p  

For fg o to be defined, gf dr ⊆ , i.e. ( ] ( ]2,, ∞−⊆∞− p  

.: 2≤p  

.: for both to be defined, 1≤p  AND 2≤p , .: 10 ≤< p  

 

Functional equations 
 

532 2 =− yx  is an equation in x and y. 

( ) ( )( ) 013
2

=−+ yfxf  is a functional equation involving ( )xf  

and ( )yf . 
 

Example 10  Show that ( )
x

xxf
1

+=  satisfies the functional 

equation ( ) ( ) ( )vfuf
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Example 11  Given ( ) 1log += xxf e , show that 

( ) ( )yfxf
y

x
f −=−








1 . 

 

( ) 1log += xxf e , ( ) 1log += yyf e  

.: ( ) ( )
y

x
yxyfxf eee logloglog =−=−   
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Example 12 (2008 VCAA Exam 2)   

Let RRf →: , ( ) xx eexf −+= . For all Ru ∈ , express ( )uf 2  

in terms of ( )uf . 
 

( ) xx eexf −+= , .: ( ) 222 2222 −++=+= −− uuuu eeeeuf  

( ) ( )( ) 22
22

−=−+= − ufee uu  

Example 13 (2009 VCAA Exam 2)  Let RRf →: , ( ) 2xxf = . 

Which one of the following is not true? A. ( ) ( ) ( )yfxfxyf =  

B. ( ) ( ) 0=−− xfxf    C. ( ) ( ) ( )yfxfyxf −=−     

D. ( ) ( )xfxf 42 =    E. ( ) ( ) ( ) ( )( )yfxfyxfyxf +=−++ 2  
 

( ) ( ) xyyxyxyxf 2222
−+=−=− , ( ) ( ) 22 yxyfxf −=−  

.: ( ) ( ) ( )yfxfyxf −≠−  

.: C is not true. 

 

Example 14 (2006 VCAA Exam 2)  The function f satisfies the 

functional equation 
( ) ( )

22

yfxfyx
f

+
=







 +
 where x and y are 

any non-zero real numbers. Which one of the following rules is a 

possibility for the function? A. ( ) xxf elog=     B. ( )
x

xf
1

=     

C.   ( ) xxf 2=    D. ( ) xxf 2=    E. ( ) ( )xxf 2sin=  
 
 

( ) xxf 2=  is a possible rule. 

Check: yx
yxyx
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Example 15 (2007 VCAA Exam 2)  The function f satisfies the 

functional equation ( )( ) xxff =  for the maximal domain of f. 

Which of the following rules is a possibility for f?  

A. ( ) 1+= xxf    B. ( ) 1−= xxf    C. ( )
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.: ( )
1

1

+

−
=

x

x
xf  satisfies the functional equation. 

 

Comment: ( )( ) xxff = , .: ( ) ( )xfxf 1−= , i.e. the function and 

its inverse are the same. For ( )
1

1

−

+
=

x

x
xf , ( )
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11

−
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−

x

x
xf ,  it 

satisfies the requirement ( ) ( )xfxf 1−= . 

 

Example 16  For ( ) xxf −= 1 , show that  

(a) ( ) ( ) ( ) ( ) ( )yfxfyfxfxyf −+=   and 

(b) 
( ) ( )
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  for +∈ Ryx, . 

 

(a)  ( ) xxf −= 1 , ( ) yyf −= 1   

( ) ( ) ( ) ( ) ( )( )yxyxyfxfyfxf −−−−+−=−+ 1111  

( ) ( )xyfxyyxyxyx =−=+−−−−−= 112  
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Exercise: Next page 



Q1 Given ( ) xexf =  and ( ) 12 += xxg , find the rule 

for gf o  and state its domain and range. 

 

 

 

 

 

 

 

 

 

Q3 Given ( ) 1−= xxf  and ( ) xxg sin= , find (a) gf o  

and (b) fg o . Sketch the graph and state the range in each 

case. 

 

 

 

 

 

 

 

 

 
 

Q5 The graphs of ( )xfy =  and ( )xgy =  are shown below. 

Sketch the graph of ( )( )xfgy = . 

 

                                    
 

 

Q7 Show that ( )
x

xxf
1

−=  satisfies the functional equation 

0=
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v

u
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v
f  for 0, ≠vu . 

 

 

 

 

 

 

 
 

Q9 Given ( ) xx eexf −−= and ( ) xx eexf −+=′ express ( )xf 2  

in terms of ( )xf  and ( )xf ′ . 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

Q2 Given [ ) Rf →2,1: , ( ) xexf =  and 

RDg →: , ( ) 12 += xxg , find the maximal domain D such 

that gf o  is defined and state the range of gf o . 

 

 

 

 

 

 

 
 

Q4 Let ( ) 322 −+= xxxg  and ( ) 32 += xexf . Find ( )( )xfg  

and its domain and range. 

 

 

 

 

 

 

 

 

 

 
 
 

Q6 Let ( ) Rf →∞,1: , ( ) 2xpxf −=  and  

( ) Rg →∞− 2,: , ( )
( )

p
x

xg +
−

=
2

2

1
, where 0>p . Find 

the values of p such that both gf o  and fg o  are defined. 

 

 

 

 

 

 

 

 
 

Q8 Given ( ) xxf elog1−= , show that 

( ) ( ) ( )xyfyfxf −=+ 1 . 

 

 

 

 

 

 

 

 

 
 
 

Q10 Show that ( )
1−

=
x

x
xf  satisfies the functional 

equation ( )( ) xxff = . 
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Numerical, algebraic and worded answers:  1. Rule: ( )( ) 1
2

+= x
exgf , domain: R, range: [ )∞,e    2. D is ( )1,1− , range: [ )2, ee    3a. [ ]2,0    3b. [ ]1,1−  

4. ( )( ) 32 3264 −+= ++ xx
eexfg , R, ( )∞− ,3    6. 31 << p    8. ( ) ( ) ( )xyfxyyxyfxf eee +=−+=−+−=+ 1log11log1log1  

7. 0=−+−=
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