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Exponential (index) laws

1. amxgn:am+n

2. 1n :a—n : am _ }m : - — amfn
a
3. (@) =am 4. (ab)' =a"b
1 4q
Handy knowledge: a®=1, a"” =%a, a” =(%)q or </a_q.
(ab)" —b*

Example 1 Simplify (ab4)" Y
(ab)zn _pin gpin _pn ~ bzn(azn _bZn)

(ab4)n bSn - anb4n+b5n - b4n(an+bn)

b o} () ) b a" ~b"Ja" +b") _a" ~b"

(a +b" ) (a"+b”) b

2x+1 x+1
Example 2 Simplify xj *3e .
e’ —e

e —de™! 43¢ e(ezx —4e” + 3) e’ ((ex )2 -
e —e B e(ex —1) - (ex —1)
(ex —3)e* —1)

= =e* =3 for x#0.
ie'x—li

Note: It is necessary to state that x #0 because

2x+1 4ex+1 + 36

et —e

defined for all x.

is undefined for x =0 whilst e* —3 is

5 3
2 2
Example 3 Simplify pi+—2pl
S5p? +10p*
5 3 3 31
2+2 2 2 +2 2 2
p3 P m= 1(17 ) pS =L for p#-2.
5]734-1017E 5p2(p+2)

3
Example 4 Simplify f(2)= (100" +2x10"" +100)2 . Show that

£(2)=1000£(0).

3
(100" + 210" +100): = ((102)" +2x10%10" +102)E

= ((10")2 + 2(10)(10")+102)% = ((10" +10)2TZ = (10" +10)’
< f(n)=(0" +10] . £(0)=(10° +10) =11°
£2)=(10% +10) =110’ =(10x11)* =10° x11* =1000£(0).

x3/2x7 y?
V (6x6y)»%

6(2x5y2)% 2><3><2%

Example 5 Simplify express in positive indices.

..:\u-
»)\N

6x32:°y" _

2 [ l

(6x6y)5 ((6x6y)§]2 (2><3x y)s

45 2 2 1

_ 31>< zglxgyzl 2X3§x%y% ><3? y?
23 x33x%y3 X

, express in positive indices.

Logarithm laws
For p,g>0,
1. log, p+log, g =log,(pq)

2. log, p-log,q =10ga[£} —log, g= loga(lj
q q

3. log, p" =nlog, p
log, p

4. lo =—"—
g, P log, b

Law 4 shows the relationship between log, p and log, p.

Handy knowledge: log,1=0; log, a=
log, p is undefined for p<0;
log, p<0 for 0<p<1; log, p>0 for p>1.

n

For even n, log, p" is defined for all pe R whilst nlog, p is

defined only for p>0,
~log, p" =nlog, p for p>0, and
log, p" #nlog, p for p<0.

The following graphs of y=1log, x* and y=2log, x illustrate

the point.

Example 6 Evaluate 510g2(3—12j .

1 1 ]
510gz(§j:510g2(?j:510g2 27 =—5x5log, 2=-25.
Example 7 Simplify 2log,, (3x2y)-3log,, (2xy?).

2log,, (3X2)’)_ 3log,, (2xy2 ): log,, (3x2y)2 —log,, (2xy2 )3
= log10(9x4y2 )_ ]0g10(8x3y6)

4.2
=log,, ox y =log,)| — ox for y>0.
8x’y° 8y*

Example 8 Evaluate log, 10.
Graphics calculators have only log (i.e. log,, ) and In (i.e. log, ).

log,, 10 log, 10
9810~ —2.0959, or log, 10=—2¢
0gy 3 log,

You can use CAS to evaluate log, 10 directly.

log,10= =2.0959.
5
Example 9 Show that 3log, x —2log, x :glog2 X

Change both logarithms on the left side of the identity to base 2.
_3log,x 2log, x

3log, x—2log, x log, 4 log,8
2 2

_3log,x 2log,x 3

2
= log, x——log, x
log, 2’ log,2° 2 21 730®

—é—glo xX= 510 X
27 3 g, 6 g,



Example 10 Show that =log,,e.

log, 10

Change both sides to a common base b.

1 1
[HS =— 1 _108¢ pug 08¢ e Rrys
log, 10  log, 10 log, 10
log, e

Example 11 Given 10” =¢, find (a) ¢ in terms of p, (b) p in
terms of q.

(a) 10" =e?, g=1log, 10", .: g=plog,10.

(b) Since g=plog,10,.: p= =glog,,e.

q
log, 10
These two results show the way to change the base of an
exponential function.

log, 10 I E 1
107 =87 ; 7 =107°%0°  In general, a* =b" %",

Example 12 Change 5" to base 10 and base e.

5x — loxlong ~ 100.6990x . 5x — 6‘.’clog€5 ~ 6‘1,6094)(
5 .

Equivalent relations

Examples are: y=x’&x= i‘\/_ ;

y =sin(x) & x=sin"'(y);

y=10" @ x=log,, y;

y=e' S x=log,y.
In each case, both left and right statements give exactly the same
relationship between x and y, i.e. they are equivalent. Try to plot
the graphs of a pair of equivalent relations. They are the same
plot. The left relation uses y as the subject, and the right relation
uses x. In the last two examples, the left relations are expressed

in index (exponential) form whilst the right relations are in
logarithm form.

Example 13 (2006 VCAA Exam 2) If y=3a’" +b, write x as
the subject of the equation.

y=3a*+b, 3a* =y-b, a” ==—,

2x =log, [y?_b] , X =%loga (yT_bj

Example 14 (2007 VCAA Exam 2) If y =log,(7x—b)+3,
write x as the subject of the equation.
y=log, (Tx—b)+3, log, (Tx-b)=y-3, Ix—b=a’",

Tx=a’> +b, x=%(a"’_3 +b)

Inverse relations

y=e" and x=log, y are equivalent relations, but
y=e" and x=e" are inverse relations, and so are

y=log, x and x=1log, y. (Read each relation carefully)

In inverse relations, the x and y-coordinates of all the points are
interchanged.

Equivalence:

y=10" & x=log,, y

Inverse pair: *
y=e" and x=¢"
2

%

v
y=etx
2
%=

1n

4

6

B

Other examples of inverse pairs are:

y =sin(x) for [—%,%} and y=sin"' (x) ;

y=x" for x>0 and yzx/;;
y=x" for x<0 and yz—\/;.

4

Inverse pair: : "
y=log, x and x=log, y

6

Exercise: Next page




2n _ 3n
Q1 Simplify ]94—(6119)4”. Express your answer in positive
b*" +(ab)

indices.

I+x I-x

Q2 Simplify +2e . Express your answer in
e —e

positive indices.

3
Q3 Simplify (49" +2x7" +49)z .

3 2.3
Q4 Simplify = Express your answer in positive
xy?)
indices.

1 1
5 Evaluate —log.| — |.
Q5 Evalu > gs(ZS]

Q6 Simplify log,,(3x°y)- 2log,, (6xy?).

Q7 Change log, 1000e to natural log.

Q8 If y=2a’ —b, write x as the subject of the equation.

Q9 If y =klog, (bx+c)—d , write x as the subject of the
equation.

Q10 Express 4log, x —8logg x in terms of log, x .

1_a3nbn

)3
Numerical, algebraic and worded answers: 1. 2. 1= 3.[0"+7] 4 2(L] 5. -1 6. —logli2y?) 7.
m ( )3 N 10( )

1 y+b 1 2 2
8. x:Eloga[ 5 J, 9. x:;[a ko —c| 10. —;log2x

1

1+log, 1000
log, 2




