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Functions, relations and graphs

In graph sketching, one must find x and y-intercepts, show
asymptotic behaviour and, determine location of stationary
points.

Graphs of functions defined by
f(x)=ax" +in for m,n=12
X
Use the method of addition of ordinates to sketch this type of
functions.

Example 1 Sketch y = lx + 1 .
2 X

2 y=(l/2)n+l/x

y=(1/2)x

y=1/x e
Q »

-2 o 2 4 &

Clearly the function has no axis intercepts. It shows
asymptotic behaviour:

As x>0, y—>-0.As x>0", y - +0.
.. x =0 is an asymptote (vertical) of the function.

As x > -0, y— %x (from below).
As x > 40, y— %x (from above).

I . . .
Ly = Ex is an asymptote (oblique) of the function.

Use calculus to find the coordinates of the stationary points:

1 1 dy 1 1
S S R
Y 2 x dv 2 x?

1 1
Atx:_ﬁ,y:a(_@)+_ﬁ=_ﬁ.m:ﬁ,
v=3 02 =42
The stationary points are (— \/5,—\/5 ), (\E , \/E )

Example 2 Sketch y=x - iz .
x

4y

x-intercept: Let y =0, x—%zo, x' =8, . x=2.
x

Asymptotic behaviour:
As x>0, y—>-0.As x—>0", y > —o0.

. x =0 is an asymptote of the function.
As x > —0, y — x (from below).

As x >+, y — x (from below).
.y =Xx is an asymptote of the function.

Stationary points:
4
y:x—iz, ﬂ:1+£:0, Lx=A-20 =23,
x° dx b

4

At x=-23=-252,

4 4 1
y=-23—— = _=_23_23=-378.

The stationary point is (— 2.52,—3.78) .

Example 3 Sketch y= %xz +g .
x

pe
6 y=(1/2)x*2+2/

=(1/2)x"2

y=(1/2)x 242/
=2/x

-4 - 2 4 3

© Copyright itute.com 2006 Free download & print from www.itute.com Do not reproduce by other means Functions, relations and graphs



. 1 2
x-intercept: Let y =0, Exz +2=0,x*=-4, . x=-1.59.
x

Asymptotic behaviour:
As x>0, y—>-0.As x—>0", y > +o.
. x =0 is an asymptote of the function.

As x > -0, y > %xz (from below).
As x > 40, y > %xz (from above).

1 ,. .
Ly = Exz is an asymptote of the function.

Stationary points:
1, 2 2 3
y=—x"+=, ﬂ:x——zzo, x=32=2°
2 X dx X

1 o . 2
Atx=23:126,y:§(?J +-=23 423 =238,
23

The stationary point is (1.26,2.38).

2
Example 4 Sketch y = —% + iz .
X

2
. 4
x-intercept: Let y =0, —XT+—=O, x* =16, .

Asymptotic behaviour:
As x>0, y—>+0.As x—>0", y - +o.

. x =0 is an asymptote of the function.
2

As x> -o, y—> —XT (from above).

2
As x > 4o, y—> _XT (from above).

I ,. .
Ly= —sz is an asymptote of the function.

The function has no stationary points.
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Graphs of functions defined by f(x) = 2;
ax” +bx+c
The sketching method of f/(x) = —; ! depends on the
ax” +bx+c

linear factors of ax> +bx+c.

Case I ax*+bx+c can be factorised, i.e. the discriminant
b?—4dac>0 .
1
L f)ys——m .
a(x—p)(x—q)

There are two vertical asymptotes, x =p and x = q.

Example 1

Sketch the graph of the function f(x) = 22;

x —x-1
Check: b* —4ac > 0. Factorise the denominator:

1 1
fO=5 5=

x-1 {%+;yx—D'

Asymptotic behaviour:

As x > —% (from the left), y —> +w.
As x > —% (from the right), y - —©.

1. .
R B is an asymptote (vertical).

As x — 1(from the left), y - —o0.
As x — 1 (from the right), y — +o.
~.x =1 is an asymptote (vertical).
As x > —0, y — 0(from above).
As x = +o, y — 0(from above).
.y =0 is an asymptote (horizontal).
y-intercept: Let x =0, y = £(0)=-1.
The function has no x-intercepts.

1
2x? —x-1"
dy _ 4x -1 1

——=0, . x=—; y:—§.
dx (2x2—x—1)2 4 9

Stationary points: y =

Stationary point is l—§
ry p 17 9)

y=1/ (2x*2-x-1)

@
IS
i
=
m
w
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Alternatively, sketch the graph of y =2x* —x —1 first and
1
2

then the reciprocal y = —————.
2x" —x—1

e =2x"2-3-1

=1/ (2" 2-x-1)

-3 -2 -1 il 1 2 3

Case2 ax’+bx+c has the discriminant b° —4ac=0. It
has two linear factors and they are the same.

e 1
.._f(x)——a )

) and it is the transformation (dilation and
X—

translation) of f(x) = Lz .
X

1
Example 1 Sketch y :2x2——4x+2.
Check: b —4ac =0. Factorise the denominator:
_ 1
T

As x — 1 (from the left), y — +o0.
As x — 1 (from the right), y — +o.
~.x =1 is an asymptote (vertical).
As x > -0, y > 0(from above).
As x > 4o, y = 0(from above).
.y =0 is an asymptote (horizontal).

y-intercept: Let x =0, y = % .

The function has no x-intercepts and stationary points.

v=1/ (2r*2-4x+2)
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Alternatively, sketch the graph of y =2x* —4x +2 first and
1

then the reciprocal y = ——— .
P 7 2x* —4x+2

=2x"2-4x42

=1/ (2x*2-4x+2)

-2 -1 o 1 2 3 4

Case 3

discriminant b* —4ac <0 .

ax® +bx+c¢ cannot be factorised, i.e. the

In this case, the quadratic is never zero and therefore, f'(x) has
no vertical asymptotes.

The best way to sketch f(x) is to sketch the quadratic first
and then its reciprocal.

1
- -
X" +2x+3
Check: b% —4ac <0 . No linear factors.

Example 1 Sketch f(x)=

AT ax]

I y=1/ (x* 2+2x+3) .
)

-6 -4 -2 0 H 4 B

Graphs of ellipses

The general equation of an ellipse in Cartesian form with the

2 2
.
centre at the origin is _2+y_2 =1, where ta are the x-
a b

intercepts and +b are the y-intercepts.

If the ellipse is translated so that its centre is at (4, k), the

(x-h?  (y-k)’
- 2 + ybz

general equation becomes =1, where

a
[-a+ h,a+ h] is the domain and [-b + k,b + k] the range of
the relation.
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(x-h) *2/a"24+ (y-k) *2/b"2=1

3

4

2

K

) a&[
-b

-4

7
b
d
7
i____,,,,,/’i///a 4 6

®"2/a"2ty*a/b2=1

Example 1 Sketch the graphs of

2
a) x2+%:1 b) (x+1)2+%=1.

Show the x, y intercepts, the domains and ranges.

a) x-intercepts: x =+1; y-intercepts: y ==£3

ayp

) 2+y*2/0=1

Domain: [—1,1] ; Tange: [—3,3] .

b) x-intercepts: Let y =0, (x+1)2 +g =1, (x+1)2 :g,

55 55

x+l=t——, x=—-1+——.
3

y-intercepts: Let x=0, 1+

Centre: (- 1,2).

(1)~ 2+ [y-2) ~2/8=1

Domain: [—2,0]; range: [—1,5].
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Graphs of hyperbolas

The general equation of a hyperbola with its centre at the
2 2 2 2

o X
origin is XY o ——y—:—l,where ta are the

a’> b? a’> b?
x-intercepts for the first equation and +b are the y-intercepts

for the second. Both relations have two oblique asymptotes
given by y = iéx .
a

The domain for the first is R\(—a, @) and the range is R.
The domain for the second is R and the range is R\ (—b, b).

If the hyperbola is translated so that its centre is at (4, k), the
general equation becomes

_ 2 _ 2 _ 2 _ 2
)
a a
The two oblique asymptotes for both relations are
y—kzié(x—h) .
a

The domain for the first is R\ (—a+h, a+h) and the range is R.
The domain for the second is R and the range is
R\ (-b+k, b+k).

(xch)*2/atz- (y-k) *2/br2=1

x

6 BN 12

gh2/ar2-yt2/br2=1

\\\\\\\\\a‘\\\\\\\\jj_ii:iij:j/:i/ii:j:i:f;/l

®"2/a*2-y*2/b*2=-1
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2 2
Example 1  Sketch the graphs of a) % - yT =1 and
2 2
py &F2D >y
9 4

State the x and y intercepts, domains and ranges, and equations
of the asymptotes.

a) x-intercepts: x = %3 ; no y-intercepts.

Equations of asymptotes: y = i%x .

®h2/9-y*2/4=1

-6 -4 -2 2 4 6

Domain: R\(-3,3); range: R.

. 4
b) y-intercepts: Let x =0, E_yT =-1, y==%
intercepts.

. 2
Equations of asymptotes: y = ig(x +2).

Y
4
®x+2)*2/9-y 2/ 4=-1 /

= (2/3) (x+2)
< (2/3) (x+2)

y
/

Domain: R; range: R\ (-2,2).

Reciprocal trigonometric functions

The cosecant function of x, cosec x, is defined as the
reciprocal of the sine function, sin x, i.e.

cosecx = — .
sin x

The other reciprocal functions are defined as

and cotx = .
COs x tan x

S€CXx =

Graphs of cosec x, sec x and cot x

Yy =cos ec(x)

Asymptotes: x =nxz, where n=0,£1,£2 ...
Domain: R\ {x X=nm,n= O,irl,irZ,...} ;
range: (— oo,—l]u [l,oo).

Period: 27 .

y = sec(x)

3
Asymptotes: x = nz, where n =+ ,iE,J_r

Domain: R\{x:x= nr,n==

range: (— oo,—l]u[l,oo).
Period: 27 .

y= Cot(x)

Asymptotes: x = nz, where n=0,£1,12,...
Domain: R\ {x X=nm,n= O,il,iZ,...}; range: R .
Period: 7.
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Transformations of cosec x, secx and cotx

The transformations-dilation, reflection and translation are
applicable to all functions. Always carry out translation last.

Example 1 Sketch y =—sec(2x)+1.
The graph of y = sec(x) is reflected in the x-axis, dilated

horizontally by a factor of % , and translated upwards by a

unit.

Tipsn /TN Ofsn 0sm ofsn £ PN 0fsm  0sn  osm /AN 14m 1

Asymptotes: x = nz, where n =1

Domain: R\{x:xzmz,n =+

range: (—oo,O]u[Z,oo).
Period: 7.

Example 2 Sketch y = cot(% - xj and —r<x<r.

. V4 V4
Rewrite: y =cot| ——x |=cot| —| x——||.
[2 j [ [ 2”

The graph of y = cot(x) is reflected in the y-axis, and then

translated to the right by % .
The graph is restricted to -z <x < 7.

Y

y=cot (pi/2-x)

V4 Vs
Asymptotes: x=—— and x=—.
ymp 5 5

Domain: [— 7, 7z]\ {— %,%} ; range: R.

Period: 7.
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Identities

An identity is an equality which is always true as long as it is

defined.
sinx
tanx =
COSX
Ccos x
cotx =—
sin x

sin®x+cos’x =1
cos’x=1-sin’x
sin’ x=1-cos’ x
sec’ x =1+tan’ x

2 2
cosec’x=1+cot” x

Example 1 Use sin’x+cos’x=1 to prove

2 2 2 2
secx=1+tan" x and cosec x=1+cot” x .

) ., 1 cos® x +sin’ x
l=cos" x+sin” x, = >
cos” x cos” x
1 cos’x sin’x 2 2
= + ,..sec”x=1+tan" x.

COS2 X COS2 X COS2 X

. 5 1 sin? x +cos® x
I=sin“x+cos”x, ——= — ,
sin” x sin” x
1 sin?x  cos®x 5 ,
= + , S.cosec’x=1+cot” x.

sin?x  sin’x  sin’x

Example 2 Prove =sec x(sec X + tan x) .

—sinx

RHS = 1 ( 1 +s1nxj: 1 [1+s1nxj
CoSXx\ CoSXx COSXx cosx\ cosx

_l+sinx  l+sinx

1+sinx

cos’x 1-sin’x (1—sinx)1+sinx)
1 _inms.
I—-sinx

Compound angle formulas

sin(A + B) =sin Acos B £ cos Asin B
cos(4 + B) = cos Acos B F sin Asin B
tan A+ tan B

A+B)=————
tan( ) 1¥tan Atan B

Double angle formulas

sin2A4 =2sin Acos A
cos2A4 =cos* A—sin® 4
cos2A=2cos’ A—1
cos24=1-2sin* 4
tan24 — 2104
1—tan” 4

Functions, relations and graphs



sin(x + y)

Example 1 Prove tanx+tany= .
COSXCOS Yy
sinx sin Sin x cos y + cos x sin
LHs =21 Y Y J
COSX CcOoSy COSXCOS ¥
sinlx +
_sin(ety)  pprg
COS X COS ¥

Example 2 Use the compound angle formulas for sin(4 + B)
and cos(A + B) to prove that for tan(A +B).

tan(4+ B)= sin(4+ B) _ sinAcosBJ_:cs)sAs'%nB
cos(AirB) cos Acos B +sin Asin B
sin Acos B+ cos Asin B sinAcosB+cosAsinB
_ cos Acos B _cosAcosB cosAcosB
cos Acos BFsin AsinB  cos Acos B _ sin Asin B
cosAcos B cosAcosB cosAcosB
sin 4 +siniB
_ cosA cosB _ tanAttanB
B |3 Sin4 sinB " 1FtanAtanB
cos A cos B
Example 3

Prove (sinx + sin y)(sin x —sin y)=sin(x + y)sin(x - ).

RHS = (sinxcosy + cos xsin y)(sinxcosy —cos xsin y)
=sin” xcos® y —cos” xsin’ y

=sin’ x(l —sin® y)— (1 —sin’ x)sin2 y

=sin’ x—sin’ y

= (sin X +sin y)(sin X —sin y) = LHS

. 1
Example 4 If sinx = 3 and secy = % , where

X,y € {0,%} , evaluate sin(x - y).

Note: x and y are in the first quadrant, .. cosx and sin y have

positive values.

sinx=—, ..cosx =+1—sin x—‘/ - \/7 2\/_

1
37
secy—i
4

siny =4/l—cos’ y = |1 -

s1n(x y)— sin xcos y —cos xsin y _EXE_

:2p—3J5]

15

, cosy—
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Example 5 Find the exact value of cos%.

T V4 V4 T . T .7
€COS— = €coS| — —— | = coS—Cc0s— + sin —sin —
12 (3 4) 3 4 3 4

L, £ 114
20 V222
\/51+\/§.

4

Example 6 Find the exact values of sin% and tan%.

3

For sinZ , consider cos£ =cos2| — |,
8 4 8

.'.L:l—Zsinz[Zj, . sin? z =2_\E.
V2 8 8 4
2—\/5 . T T
2

,since 0<—<—.
8§ 2

/4
Hence sm§ =

For tanz, consider tanz =tan2 z S
8 4 8

T
2tan— - -

o1 :—8, tanQ(—j+2tan——l =0.
8 8

1- tanz(”j
8

Use the quadratic formula to find

V4 —2+\/4+ ﬁ 1

tan—
8

Example 7 Prove cos36 =4cos’ 6 —3cos6.

LHS = cos36 = cos(260 + 0) = cos 26 cos & — sin 20sin &
= (2 cos’ @ — l)cosH —(2sin@cos H)sin &

= (2c0s2 0—1)cos«9—2$in2 Ocosb

= (2 cos’ 6 — l)cosﬁ— 2(1 —cos’ 9)0050

=2co0s’ @ —cos@—2cos@+2cos’ O

=4cos’ @ —3cosh = RHS

Example 8 Solve 2+cos2f =3cosf where £ e[0,27].

2+cos2f=3cos B, 2+2cos’ f—1=3cosf3,
2cos® f—3cos f+1=0
(2cos B —1)cos f-1)=0,

1
neosff=—, f=—,—,
d 2’

orcosff=1, f=02x.
. . T 5w
The solution set is {0,?,?,27[} .
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Restricted trigonometric functions

Sin x
. T L
The function f : {— 3,3} — R, f(x) =sinx is represented

simply as Sin x. Its range is [-1, 1]. It is a one-to-one function
and therefore its inverse is also a function. The inverse

function is denoted as Sin'x . The domain of Sin'x is [-1, 1]

and the range is —z,z .
2°2

pi/2 y=Arsin(x)

y=sin(x)

-2

-pise pisz 2

-pi/f2

Cos x

The function f :[0,7] > R, f(x) =cosx is represented by

Cos x . Its range is [-1,1].
It is also a one-to-one function and therefore its inverse is a

function. The inverse function is denoted as Cos™'x with
domain [-1, 1] and range [0, 7] .

po
y=arceos (x)
2
pifz
1
a pi &
-1 0 1 pi 2 3
o =cos (X}
Tan x
. T .
The function f: EERE) — R, f(x) =tanx is represented

by Tan x . Its range is R. It is a one-to-one function and its
inverse is also a function. The inverse function is denoted as

Tan™'x with domain R and range (— %,%j .
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=Tagix

P12
1 | "hretan x

Fran(x) 3

Transformations of inverse trigonometric functions

Example 1 Sketch y=-28in""(x+1). State the domain and
range.

Start with the graph of y = Sin™'x . Reflect in the x-axis, dilate
vertically by a factor of 2, then translate to the left by a unit.

4y

3Pt

y=-2Arcsin (x+1)

Domain: [—2,0]; range: [—7[,72] .

Example 2 Sketch y= %Cos’1 (2x) —%. State the domain

and range.
Start with the graph of y = Cos'x, dilate vertically by a

factor of % and horizontally by the same factor, then translate

downwards by %

y=(1/2) Arccos (2x) -pi/4

. 11 T
Domain: | ——,—|; range: | ——,—|.
22 4 4
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Example 3 Sketch y =—Tan ' (2x+1)+ z . State the domain
and range.

. 1
Rewrite y=—Tan"'(2x+1)+ 7 as y=—Tan™' Z[x +5j +7.
Start with the graph of y = Tan'x , reflect in the x-axis, dilate

horizontally by a factor of % , then translate to the left by %

and upwards by 7.

-Arctan (2z+1) +pi

Domain: R; range: £,3—” .
22

Example 4 Sketch y = Sin'l(l —gj —% . State the domain

and range.

. _ _ 1 T
Rewrite y = Sin™ 1—E _Z as y=Sin!| —=(x-2)|-Z.
y=Sin [ 2] 2 y=Sin 2(x ) 5

Start with the graph of y = Sin~'x, reflect in the y-axis, dilate
horizontally by a factor of 2, then translate to the right by 2

units, and downwards by % .

y=Arcsin (1-x/2)-pi/2

Domain: [0,4]; range: [-7,0].
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