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Further Calculus Part I

Review of basic properties and rules of differentiation

Properties of differentiation:

D)=k ()

D L) gl)= ()2 (ol)

Example 1 Find the derivative of ﬁ (29

o m—\/_x”).
iE(Zem—\/_ ) \/_ d (

_ T
dx 27 27 dx \/_x )

:ﬁ(dxm‘/_ ]

2

= g (27[e’”C Ny )
= 3™ -2

Example 2 Given f'(x): cos? x and y= Z[f(x)—ﬁj,

2
evaluate ﬂ when x:f
dx 2
= _i dy = / p—
y—z[f(x) 2) 0 [f() ) 27 (x)-1

=2cos? x—1 =cos2x=cosz=—1.

Rules of differentiation:

The product rule is used to differentiate functions that are
the products of two other functions.

dy du dv
If y= ,then —=v—+u—-.
y=u(x)v(x), then el

Alternative notations: y =vu'+uv’.

Example 1 Differentiate 2e’ sin(Zx—%)

iZeE sin 2x—z
dx 2
Zezisin 2x—Z +sin 2x—z i2@E
dx 2 2 )dx
=4e? cos 2x—Z +e?sin 2x—Z
2 2
=evE 4cos 2x—z +8in 2x—£ .
2 2
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Example 2 Find f'(x), given f(x)=+/ 2x+1(x2 +x—1).

Hence evaluate f7(0).

f()c):\/ZJC—i-l(x2 +x—l),
f’()c):\IZ)c+ldi(x2 —l—x—l)+(x2 +x—1)di\/2x+1
x x

=V2x+1(2x+1)+ (¢ +x-1)

1
V2x+1
TG0 P (I R

2x+1
(2x+1) x +x— 1)
=4/2x+1
2x+1
5x% +5x ) _ Sx{x+1N2x+1
=+2x+1 .
2x+1

form M
v(x)
4
If u(x)’ then QZM
v(x) dx N
Alternative notations: y’ = vu —2 uy
v
Example 1 Differentiate ZILZL’ZM .
X

d d
d ZIOngxj B x? E(Zlog()bx)—(Zlog()bx)Ex2
dx (xz)z

i xz()zJ— (2log, bx)(2x)

4
X

2x(1-2log, bx) 2(1-2log, bx)

2
X

Example 2 Find an equation of the tangent line to the curve

X
y= at x=2.
1+x°

2\7)_ _ 2
Gradient function: ﬂ (1+x Xl) x(2x): 1-x

dx (1+x2)2 (1+x2)2 '
1-27
At x=2, m; = (1+22)2 =—0.12 and y=04.

Equation of the tangent: y—y, =m; (x - X ),
y—0.4=-0.12(x-2),
y=-0.12x+0.28.
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The chain rule is used to find the derivatives of composite

. dy _dy du
funct f y= » th T
unctions y=f (u(x)) en dx du dx

’

Alternative notations: y" = f(u)u’ .

Example 1 Differentiate /sin(x—%] .

Let y= \/; , where u = sin(x—%j .

dy 1 1

du ( 7[}
= = and —=cos| x—— |.
du  2Ju J ( ,,j dx 3

2, [sin x—g

T

cos| x——

LAy _dy du_ ( 3)
Udx du dx )
2 sin(x—?)]

Example 2 Find the derivative of sin A ’x —% .

Let y=sinu , where u:wfx—g.

ﬂ=c0su:cosw x—£ and ﬂ:;

du 3 dx y/a
2 .X_g

Ly _dy du_ VT
Tdx du dx T

3

2.]x

Derivatives of inverse trigonometric (circular) functions

Inverse sine functions:

f(x) f(x)

V1-x?
__a
ﬂl—(a)c)2
N S
var-x*
Sinl(ij a<0 —;
a) var-x*

Example 1 Differentiate %Sin’l(— 2x) .

Let f(x):%Sin"(—Zx)

12
2 1-(oxp Vi-a

flx
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Example 2 Find < ZSinl£+£j.
dx 3 6

L osint 24 Z |0 L 222
dx 6 dx 3

2
Example 3 Find the derivative of Sin™ [—)
X

Let y= Sin”'u , where u :z.

x
du  1—y? Jl_(zjz \/T2,x2—4 NI
X X
an ﬂ:_i:_i
dx x2 |x|2.
dy dy du _ 2

DAt St —

Tdx du odx |x|1’x2—4 )

Inverse cosine functions:

£(x) £x)

1

-1
Cos™ x

Cos’l(ax)

Cos™ (ﬁ}a >0
a

i-
R —
\/1—(ax)2
N S
Va* -x°
1
Va’ -x*

Cos™ (ﬁ}a <0
a

Example 1
Show that the derivative of COs‘(ﬂ) T
b b? —(ax)2
. . o 2x
for a,b>0. Hence differentiate Cos ? .
Let y=Cos ' (u), where u :% )
ﬂ: 1 = 1 = b and
du 1y (@Y Jb? = (ax)
b
du_a
dx b’
LAy _dy du  a
Vdx  du dx b2—(ax)2 '
Hence iCosl(zx):— 2
dx 3 9—4x>
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Inverse tangent functions:

() )
Tan™'x 1+1x2
Tan™ (ax) T ([;x)Q
Tan™ (3) a* sz

Example 1 Show that the derivative of Tan'(%) is
ab

. Hence differentiate Tan™ —3x .
b +(ax) 2

2

Let y=Tan " (u), where u =% .

dy 1 1 b? du a
- = 7= 7= - and —=—.
du 1+u | (ax] b +(ax) dx b
+ [
b

dy dy_ du ab
e E X
dx du dx b*+ (ax)2

Hence iTan’l —_3ch :—Lz )
X 2 4+9x
Second derivatives

The derivative of the derivative of a function is called the
second derivative of the function.

If y=f(x), the second derivative is denoted by

e )= A D)Ly
=7 (x)_dx(dxj_ dx*

2

d
Example 1  Find given y =log, b(x+1).

2
X

d
=log b 1), —=——, =— .
¥y =08 (x+ ) dx  x+1" dx* (x+1)2

2

d
Example 2 Show that 2 =4y for y =3¢ " .

=
X
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Example 3 The position of an object moving along a
straight path is given by x=5-10cos*¢ for ¢ >0. Find the

- . . . 3
position, velocity and acceleration of the object at ¢ = 5

x=5-10cos?t =—5(2cos? 1 —1)=—5cos 2t ,

2
V:ﬂzlosiny, azﬂzd—fzzmosm.
dt dt dt

At IZ%’ x=-5cosxw =5,

v=10sinz =0, a=20cosz =-20.

Application of second derivative to the analysis of graphs
of functions

Given a continuous and ‘smooth’ function f (x),

) | ) at x=c
=0 >0 local minimum
= <0 local maximum
=0 =0 stationary inflection point
#0 =0 inflection point
Local min. Local max. Stationary Inflection
inflection pt. | point
A (x) A
\./ \
1/
~ \\
——> 74—\>
Af ,(x) A \A
R [ \\
Vi (x) A A
N
N
N B —_ > _4\4»
__C_’ —— \\

Example 1 Find the stationary points and inflection points
of the function e”*sinx,0< x <2z . Sketch the graph.

. d . .
Let y=e'sinx, d—yze"cosx+e" sinx = e*(cos x+sin x),
by

d? . .
d—f=e"(—s1nx+cosx)+e"(cosx+smx)=Ze"cosx.
X
a’zy
Inflection points: I =0, .2¢*cosx=0, ..cosx=0,
by
7 37
x==,=.
2 2
E 3z r = ir ~
y=e*,—e? —.e’ || —e?
2 2
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. . d K . ” . .
Stationary points: a’_y =0, ..e (cosx +sin x) =0, At x=-1, y">0, .. (— 1,—%j is a local minimum.
by

” 1 . .
s.cosx+sinx=0, I+tanx=0, tanx=-1, At x=1, y <0, (I,Ej is a local maximum.
Inflection points: y” =0,
2x(x2 + IXx2 - 3)

2 Ty %

. (x +1)

37 A2et | | 7n 2e ~2x(e + 1) =3)=0,
47 2 "4 2 | NG}

3z

37 d’y . = 3z
At xZT, 12 =2e"cosx=2e* cosT<0, (0’0)’ [_\/—’_g]’ [ﬁ’gJ

3z
37 2et

2 is a local maximum. v
1 d*y LY
At x=—, == 2e*cosx=2e* cos— >0, g/ 020
4 dx 4
23 ‘ /\ :
k4 \/Ee 0. ..
T,— 5 is a local minimum. As

. _ 5 Horizontal asymptote: y =0.

Implicit differentiation

This topic is an application of the chain rule. The derivatives

of relations like x> +y> =9 and 3xy*> = x+ y can be

obtained by implicit differentiation. This method eliminates

) ) ) the tedious task of rewriting a relation to make y the subject.
Example 2 Find and determine the nature of the stationary

oints and inflection points of the function with equation . . C ..
p p d Example 1 Given x* + y*> =9, use implicit differentiation

X
= . Does it have an asymptote? Sketch its graph.
Y X +1 yimp grap to find % in terms of x.
by
. - (x2 N 1)_ A2x)  1-x? Differentiate both sides of x> +y> =9 with respect to x, use
y=—70—>,y = = = ) the chain rule if necessary. Note: y is a function of x.
x +1 2 2 )P 2 1P
4 (x + 1) (x + 1)
,_ (x2 +1)2(— 2x)—(1—x2)(2(x2 +1)2x) —(x2 + yz):i(g),
y = (x2 +1)4 dx dx
(o L{y7)-
_ 2x(x2 +1)()c2 —3) dx dx Y=
= =/
(x2+1) 2x+d(y2)><ﬂ 0
ly  dx
2
Stationary points: y =0, 1—x2 =0, ~1-x>=0, ooy oo B X
(x? +1) dc " Tdxy
A e 11 1 1 Since y=1=+ 9—x2,.-.ﬂ:i ol
..x——l,l, ..y——E,E. (—1,—5), (1,5) y dx 9—)(2
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Example 2 Given 3xy® = x+ y, use implicit

. L . ody .
differentiation to find %2 in terms of x and y. Hence
X

d
evaluate @ at x=2.
dx

Differentiate both sides of 3xy® = x+y with respect to x,

o)== ).

dx

L d d(,\ d d
2 (30)+32 (1) =L (0)+-L(y),

y dx( x)+ xdx(y ) dx(x)+ dx(y)

2
~3y° +3xMXﬂ:1+ﬂ, ~3y° +6xyﬂ=1+ﬂ ,
dy dx dx dx dx

dy dy 2 dy 2
6y - _1-3)2 (6ay-1)2 =1-3y2,
oo y?, (6xy )dx y

Cdy 1-3y?
Tdx 6xy-1°

At x=2, 6y’ =24y, 6y —y-2=0,

12
2y+1)3y-2)=0, ".y=——,—.
(2y+1)3y-2) v=-73
Hence —y:i,—i

dx 28 21

Related rates

In a related rates problem, the rate of change of one
quantity is expressed in terms of the rate of change of
another quantity. This requires one to find a relationship
(i.e. an equation) between the two quantities, and using the
chain rule to differentiate both sides with respect to time or
other variables.

Example 1  Air is pumped into a spherical balloon at a
constant rate of 80 cm’s'. How fast does the radius
increase when it is 30 cm?

The two quantities in this problem are volume V cm® and

. . . . 4
radius r cm. Their relationship is V = 370*3 .

Differentiate both sides with respect to time #:

d_V_i(imsj d (imsjﬂzmzﬂ

a ar\3" ) ar\3" Jar dar’
Jdr_ 1 adv
At Am? odr

Given 62—V=+80,at r=30,
1

dr_ 1
dr 4z(30)

x80 = L cms™.
457
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Example 2 A lighthouse is on a small island 2.5 km from
the nearest point P on a straight shoreline. The light makes
four revolutions per minute. How fast is the beam of light
moving along the shoreline when it is 0.5 km from P?

Lighthouse

Let x km be the distance of the beam from P along the
shoreline, and @ the angle in radians between the beam and
the dotted line.

The two quantities in this problem are x and 6. Their
relationship is x =2.5tan @ .

Differentiate both sides with respect to time ¢ (hours):
e _d =2.5sec’ 6 a6

—:—(2.5tan9):i(2.5tan9)ﬁ —.
dt dt dé dt dt
Given ﬁ =4 rev min"' =87 radians min™'
1
= 4807 radians hour', and at x=0.5,
6 =tan™ E =0.1974 .
2.5

dx 2 -1

o 2.5(sec? 0.1974)x 4807 = 3921 kmh'".
t

Alternative method:

Express the relationship as @ = tan™ (Z_XSJ

Differentiate both sides with respect to time ¢ (hours):
de d 4 x d 4 x \dx 2.5 dx
—=—tan" | —— |=—tan | —— |—=—F—F5—,
dt dt 25) dx 25)dt 2.5 +x" dt
cdx _25°+x’df _25+05°

- x 4807 =3921 kmh™.
di 25 dt 25

Example 3 A playground slide has a profile given by

X

y=3e 2, xe[0,5]. A kid slides down the slope and has a

horizontal speed of 1.5 ms” at x=3m. Calculate the
vertical speed at that instant.

AY

1.5ms”

0 3 3 >
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The two quantities in this problem are x and y. Their

relationship is y = 3e 2.

Differentiate both sides with respect to time 7 (s):
& zi?’eé zi?’ei2 ax 2—237 ax .
dt dt dx dt 2 dt

Given @:1.5& x=3,
dt

3
% = —%e 2%1.5=-0.50 ms™, i.e. the vertical speed of
t
the kid is 0.50 ms™'. The negative sign indicates downward
motion.

Example 4 Consider the following pulley system in lifting
a load. The side pulley is 4.0 m from the wall. The rope is
pulled at a constant speed of 0.80 ms™'. How fast does the
load rise when the centre pulley is 1.0 m lower than the side
pulley?

———20-m —q—— 20m—-
Side pulley |

L2 I L2

0.80 ms!
Load Wall

Let L m be the length of the rope between the side pulley
and the wall when the centre pulley is y m lower than the
side pulley.

2 2

L ) ) L
— | =274y, ny=4——4.

[2) y y 2

Differentiate both sides with respect to time ¢ (s):
/ L_2 B Jd_ L dL
dt dL dt 12 dt
4,[——4
4

o __ L db

Cdr g6 dr
Given % =-0.80, when y=1.0, L=245,

1

. zy ~0.89 , i.e. y decreases at 0.89 ms and the load
!

rises at 0.89 ms™.
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Review of some basic anti-differentiation properties

[ £ = f(2)+c
jkh(x)dx =k j h(x)dx

5 [(ole) alohte= [ plekit [glskis
Example 1 Find I 2(62" —i)dx .

et
i)

=e

2 —1
- . -2x+
Example 2 Anti-differentiate al ey
X

J‘_sz _2x+X7ldx:J.(5x—2+x72)dx
X

:jsxdx—jzdﬁjx*dx

zz)c2 —2x—l+C
2 X

Example 3 If f’(x)=cos2x—sin2x, find f(x), given

f'(x) =cos2x—sin2x, .. f(x) = I(cos 2x—sin Zx)dx

:JCOSZxdx—J.sin2xdx =%sin2x+%cos2x+C.

Given f z =0, .'.lsin2 z +lcos2 z +C=0,
2 2 2) 2 2

.'.C=l . Hence f(x)zlsinZ,wc+10052x+l .
2 2 2 2

Example 4 Differentiate log, (sin(2x—1)) and hence find
an anti-derivative of cot(2x— 1).

Apply the chain rule: Let y=1log,u , where u = sin(2x—1),

ﬂ:l:;, ﬂ:Zcos(Zx—l) .
du u sin(2x—1)" dx

%loge(sin(Zx—l)) szflz

2c0s(2x—1)

2e082x 1) or(2x -1
sin(2x—1) cot(2e-1)

cot(2x— 1) = %%log() (sin(2x—1)) .
Hence Icot(Zx— l)dx = Ililoge (sin(2x— 1))dx
2 dx

= %J-% log, (sin(2x - 1))dx = %loge (sin(2x - 1))
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Anti-differentiation techniques

1 a
Anti-di tiati d
nti-differentiation of \/az — an R
f) [ £(e)ax
1
——,a>0 Sinl(ij-kc
a’—x a
! a>0 Lo o
) ( ok —Sin (ax)+C
—(ax) a
-1
———=.a>0 Cos'(£)+C
Va® -x’ a
-1
ﬁ’a >0 lCofl(ax)+C
—(ax) a
%,(l>0 Tan'(ﬁj-kC
a +x a
;,a >0 iTmfl(a)c)+C
1+ (ax)’ a

Example 1 Find I

! dx
V2 —x?

= Cos™ ‘[%}Lc

Example 2 Find an anti-derivative of

I N 2_—1x j \/

STy
see eIy H G

Example 3  Anti-differentiate

1—4x* '

Alternative method:

=—Sm )+C

et UT
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Anti-differentiation of expressions of the form
f(g(x))g'(x) using the substitution u = g(x)

Note: ﬂ dx=du
dx
Example I Find I 201-3x2dx.

Let u=1-3x?, ﬂ=—6x, .'.xz—lﬂ.
dx 6 dx

J'zx 1-3x2dx = J.Z(—éj\/;%dx

1 3 3
:—ljuzcluz—lxzm re=-2(-3¢) +C.
3 33 9

2
Example 2 Find an anti-derivative of M .
X
Let u=log, x, ﬂ:l
dx x
J‘(logﬂ dx J-u A ix= qudu
x

:éu3+C:%(logEx) +C.

Example 3 Find j sec’xtan” xdx.
d

Let u=tanx, ‘& =sec’x.
dx

J.sec2xtan2 xdx:J.uzﬂdx:J‘fdu
dx
1, 1,
=—u +C=—tan x+C.
3 3

Example 4 Find I —dx.
1-x*Sin"'x

Let u=Sin"'x, ﬂ: !

dx 1—x? .

J‘ldud Idu
:10g€|u|+C:10ge

Sin"x|+ C

1xSmx

Example 5 Anti-differentiate cos” xsin’ x .
2 .3 _ 2 2 .

Icos xsin xdx—jcos xsin” xsin xdx

_ 2 2 .

= I cos x(l—cos x)smxdx

_ 2 4 .

—I(cos X—cos x)smxdx.

du . .
Let u=cosx, —=-sinx, ..sinx=——.
dx dx

J.(cos2 x—cos* x)sinxdxz J.(uz —u4(—ﬂjdx
:I(u4 —uz)d =éu5 —%uS +C

1
=—cos’ )c—lcos3 x+C.
5 3
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Anti-differentiation by linear substitution

This technique is particularly useful for expressions of the
form f(x)g(ax+b), where f(x) is a polynomial function

and g is arational power function of ax+b.

Using the substitution u =ax+b, f (x)g(ax+b) becomes
-b

1[4 Jet.
a

Example 1 Find jx\/ 1—xdx.

Let MZI—X,thCn x:l—u, ﬂ:—l or 1:_ﬂ.
dx dx

Ix\/mdx ZI(I—MW(—%jdx = J‘—(l—u)u%du

3 1 5 3
=j u?—u? duzgu2 —Eu2 +C
5 3
3

=§(l—x)§—%(l—x)§ +C.

x +1
Example 2 Find I
\/_
Let u=x+1,then x=u-1, ﬂzl.
dx

J Z+1du J-[

X +1 !
2u +2u 2 |du
J\/x+ ]

5 1

=2uE —iu 2+4ur+C
5 3
5 3 1
=§(x+1)5 —%(x+1)5 +4(x+1)2+C.

2
Example 3  Find an anti-derivative of (2x+1)2x—3)5.

Let u=2x-3, then x:u+3 s ﬂ=2 or lﬂzl.
dx 2 dx
2
j(zx+1)(zx_3)sdx=j(u+4) Ldul
2dx
5 2 8 5
zlj u’+4u’ du—— éu +12 3
2 218 5
8 5
=%(2x—3)§ +§(2x—3)§.

Anti-differentiation using the trigonometric identities

sin’ (ax) = %(1 - cos(2ax)) and cos’ (ax) = %(l + cos(2ax))
Example 1 Find I cos ( )dx

2

[ cosz(i)dx = [Lt+cos e =1 (1 cos ke

1 . 1 1.
=—(x+smx+c)=—x+—smx+C.
2 2 2
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Example 2 Anti-differentiate 2sin’(3x)—5x .
[ (25in* (3)— S.x) = [ (1— cos 2(3x)— Sx)ex
= x—lsin(6)c)—§x2 +C.

6 2

Example 3 Find an anti-derivative of cos®x .

2
cos* x= (cos2 x)2 = [% (1 +cos 2x)}
(l +2co0s2x+cos 2x)

1+2cos2x+— 1+cos4x)j

(% +2c082x+— cos4xj

cx>I~ -|>I~ -|>I~ -l>|~

(3 +4cos2x+cos 4x)

J.cos“ xdx = %J.(S +4c0s2x+ cosdx)dx
1 . 1.
=—|3x+2sin2x+—sin4x
8 4

:%(12x+851n2x+sin4x).

Anti-differentiation using partial fractions of rational
functions with quadratic denominators

Partial fractions

A fraction can be changed to the sum or difference of two or
more fractions, for examples,

=—+

s

>
6

SSER )

3 1 1
S=—t—, —= .
4 4 2 10 2 5

N | =

Rational algebraic expressions can also be changed to partial
fractions if the denominator can be factorised.

Example 1 Change to partial fractions.

X
2

P

x+1 x+1 A B

= A _ Alx+2)+B(x-2)
=4 (x-2)x+2) x-2 x+2

(x=2)(x+2)

Compare the numerators: A(x + 2)+ B(x - 2) =x+1,itis true
forall xe R.

Let x=2,4A=3, A—E
4
Let x:—2,—4B:—1,B=l.
3 1
Hence s +—* or 3 1

x'—4 x-2 x+2 4(x—2)+4(x+2)'

Further Calculus Part I 8



Relationship between the graph of a function and the
graphs of its anti-derivatives

Example 2 Convert to partial fractions.

(x-3)°

The rational expression has a repeated factor.
x _ A B _Alx-3)+B
(=3 x=3 (-3  (x-3)

The graph of the gradient of an anti-derivative is the graph

. A(x— 3)+ Bex. of the original function, - %J.f(x)dx = f(x) , where f(x)

is the original function.

Let x=3, ~.B=3.Let x=0, ~.3A=B=3, -.A=1.

X 1 3

H = + .

enee (x-3 x-3 (x-3) Example 1 Sketch the graph of f(x) given the graph of

, F (x) = J. f (x)dx shown below.
Example 3 Transform —; X +3 to partial fractions.
x°—=3x+2 F(x)
'Y |

The numerator and denominator have the same degree. I :

2% +3  2(x*=3x+2)+6x-1 6x-1 /T !

B = 3 =2+ 3 | |
x°=3x+2 x°=3x+2 X —=3x+2 ! ! » X
—oy ox-1 _ ot A B

G2 o2 a1

|
|
|
|
w. ~Alx-1)+B(x-2)=6x-1. : A )
i
!

=2+
(x—Z)(x—l)
Let x=2, A=11.Let x=1, B=-5. \ V
2 >
Hence 2x +3 =2+ 1 —i. I\\—/| *
x“=3x+2 x=2 x-1 : |

Example 4 Find J. );—de
x" -4

Refer to example 1.

J~ x+1 di= J~ 2 + T J Example 2 Given the graph of an anti-derivative of a
24 e =2 x+2 o function as shown below, sketch the graph of the function.
=3 log, x—2|+lloge x+2/+C
S IR
| | |
. . X | |
Example 5 Find Fx)= J. x)x , given f(x)= / >

x_1+3
(x=37 x-3 (x-37

FQ):If&hk:I(;%§+ ’ }u

(x-3)

Refer to example 2, f(x)=

and F(4)=4. \}_ T/
|
|
|
|
|

fix)
\

[

:logex—3|—i3+C.
x—

Given F(4)=4, .. F(4)=1log,

| |

| |

[ |

| |

3 | |
4-3-——+C=4, Lo
4-3 .

~.C=7.Hence F(x): log,

x—3|—i3+7.
x—

2
Example 6 Anti-differentiate 22x—+3 .
x°=3x+2

Refer to example 3.

2
J‘22x+3 dx=_[2+ 11_5 dx
x°=3x+2 x—-2 x-1
=2x+11log,[x—2|-5log,|x—1|+C.
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Example 3  Sketch the graph of an anti-derivative of the
function f(x) shown below.

»

» x X
\ When x=0, u=sin0=0,
| when x=£,u=sin2£ =l.
I I 12 12) 2
| | z
: AF(x) ! 2
I I 0
I F(x) I T
: : :JE(I—ZMZ+I44)lﬂ Ix
I T~ x 01 2 dx
| | 1
| | :F—l—z 24ut
—] / Foo+C | =20
1
| 2
I = l(Lt—zbt34-1u5j
- I 2 3 5 0
| 3 5
| 1 1_2(1) +l(lj ~0
' 212 3\2) s5\2
| _203
960

On the above graph sketch another two anti-derivative
graphs of the given function f (x)

Evaluation of definite integrals

In cases involving substitution and change of variable x to u,
it is not necessary to convert the anti-derivative back to the
original variable x before evaluation. It is simpler to change
the values of the lower and upper limits of the definite
integral to the values corresponding to the new variable u.

Example 1 Evaluate J. Plog—"xdx.
X

S
><.I~

Let u=log, x,

—

When x=1, u=log,1=0, when x=e, u=log,e=1.

1

e e 1
I log—“xdxzjl uﬂdxzjuduz lu2 zl
X I dx 0 2 2

0

T

Example 2 Evaluate J7 sec” x tan xdx .
0

du
Let u=tanx, — =sec’ x .
dx

When x=0, u=tan0=0, when xZ%, uztanle.

T V4 1 1
.'.FseCQxtanxdxzfuﬂdxzjudu: luz =l.
o o dx o 2 2

0
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0

Let u= sin(Zx) s % = 2cos(2x) , cos(Zx) :%E .

Example 3 Evaluate Fcoss (Zx)dx

‘f(x) cos’ (Zx) = (cos2 (2x))2 cos(2x) = (l —sin® (Zx))z cos(2x)
= (1 —2sin? (2x)+ sin* (2x))cos(2x) .

du

J.% cos’® (2x)dx = JOT (1 —2sin?(2x)+sin* (Zx))cos(Zx)dx
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