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Further Calculus Part I 
 

Review of basic properties and rules of differentiation 
 

Properties of differentiation: 

 

1) ( )( ) ( )( )xf
dx

d
kxkf

dx

d
=  

2) ( ) ( )( ) ( )( ) ( )( )xg
dx

d
xf

dx

d
xgxf

dx

d
±=±  

 

Example 1    Find the derivative of ( )ππ

π
xe x 32

2

3
− . 

( ) ( )ππππ

ππ
xe

dx

d
xe

dx

d xx 32
2

3
32

2

3
−=−  









−= ππ

π
x

dx

d
e

dx

d x 32
2

3
 

( )132
2

3 −−= ππ ππ
π

xe
x  

1

2

3
3 −−= ππ

xe
x  

Example 2    Given ( ) xxf
2

cos=′  and  ( ) 







−=

2
2

x
xfy , 

evaluate  
dx

dy
  when  

2

π
=x . 

( ) 







−=

2
2

x
xfy , ( ) ( ) 12

2

1
2 −′=








−′= xfxf

dx

dy
 

1cos2 2 −= x 1cos2cos −=== πx . 

 
 

Rules of differentiation: 
 

The product rule is used to differentiate functions that are 

the products of two other functions. 

If ( ) ( )xvxuy = , then 
dx

dv
u

dx

du
v

dx

dy
+= . 

Alternative notations: vuuvy ′+′=′ . 
 

Example 1    Differentiate  







−

2
2sin2

2 π
xe

x

. 

22 2
2

2sin
2

2sin2

2
2sin2

2

xx

e
dx

d
xx

dx

d
e

xe
dx

d
x









−+








−=









−

ππ

π

 









−+








−=

2
2sin

2
2cos4 22

ππ
xexe

xx

 

















−+








−=

2
2sin

2
2cos42

ππ
xxe

x

. 

 

 

 

 

 

Example 2    Find  ( )xf ′ , given ( ) ( )112 2 −++= xxxxf .  

Hence evaluate ( )0f ′ . 

 

( ) ( )112 2 −++= xxxxf ,  

( ) ( ) ( ) 121112
22

+−++−++=′ x
dx

d
xxxx

dx

d
xxf  

( ) ( )
12

1
11212

2

+
−++++=

x
xxxx  

( ) ( )
12

12
11212 2

+

+
−++++=

x

x
xxxx  

( ) ( )











+

−+++
+=

12

112
12

22

x

xxx
x  

( )
12

1215

12

55
12

2

+

++
=









+

+
+=

x

xxx

x

xx
x . 

Hence ( ) 00 =′f . 

 

 

The quotient rule is used to differentiate expressions of the 

form 
)(

)(

xv

xu
. 

If 
)(

)(

xv

xu
y = ,  then  

2
v

dx

dv
u

dx

du
v

dx

dy
−

= . 

Alternative notations:
2

v

vuuv
y

′−′
=′ . 

 

Example 1    Differentiate 
2

log2

x

bxe . 

( ) ( )

( )22

22

2

log2log2
log2

x

x
dx

d
bxbx

dx

d
x

x

bx

dx

d ee
e

−

=







 

( )( )

4

2 2log2
2

x

xbx
x

x e−








=  

( ) ( )
34

log212log212

x

bx

x

bxx ee −
=

−
= . 

 

 

Example 2    Find an equation of the tangent line to the curve  

2
1 x

x
y

+
=  at 2=x . 

Gradient function: 
( )( ) ( )

( ) ( )22

2

22

2

1

1

1

211

x

x

x

xxx

dx

dy

+

−
=

+

−+
= . 

At 2=x , 
( )

12.0
21

21
22

2

−=
+

−
=Tm  and 4.0=y . 

Equation of the tangent: ( )11 xxmyy T −=− , 

( )212.04.0 −−=− xy , 

28.012.0 +−= xy . 
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The chain rule is used to find the derivatives of composite 

functions. If ( )( )xufy = ,  then  
dx

du

du

dy

dx

dy
×= . 

Alternative notations: ( )uufy ′′=′ . 

 

Example 1    Differentiate 







−

3
sin

π
x . 

Let uy = , where 







−=

3
sin

π
xu . 









−

==

3
sin2

1

2

1

π
x

udu

dy
 and 








−=

3
cos

π
x

dx

du
. 









−









−

=×=∴

3
sin2

3
cos

π

π

x

x

dx

du

du

dy

dx

dy
. 

 

Example 2    Find the derivative of 
3

sin
π

−x . 

Let uy sin= , where 
3

π
−= xu . 

3
coscos

π
−== xu

du

dy
 and 

3
2

1

π
−

=

x
dx

du
. 

3
2

3
cos

π

π

−

−

=×=∴

x

x

dx

du

du

dy

dx

dy
. 

 

 

Derivatives of inverse trigonometric (circular) functions 
 

Inverse sine functions: 

 

( )xf  ( )xf ′  

xSin
1−  

21

1

x−
 

( )axSin
1−  

( )2
1 ax

a

−
 

0,1 >






−
a

a

x
Sin  

22

1

xa −
 

0,1 <






−
a

a

x
Sin  

22

1

xa −
−  

 

 

Example 1    Differentiate  ( )xSin 2
2

1 1
−

−
 . 

Let ( ) ( )xSinxf 2
2

1 1
−=

−
 

( )
( ) 22 41

1

21

2

2

1

xx
xf

−
−=

−−

−
=′ . 

Example 2    Find  







+

−

63
2

1 πx
Sin

dx

d
. 

 

2

11

9

2

3
2

63
2

x

x
Sin

dx

dx
Sin

dx

d

−
==








+ −− π

. 

 

Example 3    Find the derivative of 






−

x
Sin

21 . 

Let uSiny
1−= , where 

x
u

2
= . 

4
4

1

1

2
1

1

1

1

2
2

2

22 −
=

−

=









−

=
−

=
x

x

x
xx

udu

dy
  

and 
22

22

xxdx

du
−=−= . 

4

2

2 −
−=×=∴

xxdx

du

du

dy

dx

dy
. 

 

 

Inverse cosine functions: 

 

( )xf  ( )xf ′  

xCos
1−  

21

1

x−
−  

( )axCos
1−  

( )2
1 ax

a

−
−  

0,1 >






−
a

a

x
Cos  

22

1

xa −
−  

0,1 <






−
a

a

x
Cos  

22

1

xa −
 

 

 

Example 1     

Show that the derivative of  






−

b

ax
Cos

1  is  
( )22
axb

a

−
−  

for  0, >ba . Hence differentiate 






−

3

21 x
Cos . 

 

Let ( )uCosy
1−

= , where 
b

ax
u = . 

( )2222

1

1

1

1

axb

b

b

axudu

dy

−
−=









−

−=
−

−=  and 

b

a

dx

du
= . 

( )22
axb

a

dx

du

du

dy

dx

dy

−
−=×=∴ . 

 

Hence 
2

1

49

2

3

2

x

x
Cos

dx

d

−
−=







− . 
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Inverse tangent functions: 

 

( )xf  ( )xf ′  

xTan
1−  2

1

1

x+
 

( )axTan
1−  

( )2
1 ax

a

+
 








−

a

x
Tan

1  
22

xa

a

+
 

 

 

Example 1    Show that the derivative of  






−

b

ax
Tan

1   is 

( )22
axb

ab

+
. Hence differentiate 







 −−

2

31 x
Tan . 

 

Let ( )uTany
1−

= , where 
b

ax
u = . 

( )22

2

22

1

1

1

1

axb

b

b

axudu

dy

+
=









+

=
+

=  and 
b

a

dx

du
= . 

( )22
axb

ab

dx

du

du

dy

dx

dy

+
=×=∴ . 

 

Hence 
2

1

94

6

2

3

x

x
Tan

dx

d

+
−=







 −− . 

 

 

Second derivatives 
 

The derivative of the derivative of a function is called the 

second derivative of the function. 

 

If  ( )xfy = , the second derivative is denoted by  

( )
2

2

dx

yd

dx

dy

dx

d
xfy =








=′′=′′ . 

 

 

Example 1    Find 
2

2

dx

yd
, given ( )1log += xby e . 

 

( )1log += xby e , 
1

1

+
=

xdx

dy
, 

( )22

2

1

1

+
−=

xdx

yd
. 

 

 

Example 2    Show that y
dx

yd
4

2

2

= for x
ey

23 −= . 

 

x
ey

2
3

−
= , 

x
e

dx

dy 2
6

−
−= ,  

yee
dx

yd xx
43412

22

2

2

=×==
−− . 

 

 

 

 

Example 3    The position of an object moving along a 

straight path is given by tx
2cos105 −=  for 0≥t .  Find the 

position, velocity and acceleration of the object at 
2

π
=t . 

 

( ) tttx 2cos51cos25cos105 22 −=−−=−= , 

t
dt

dx
v 2sin10== , t

dt

xd

dt

dv
a 2cos20

2

2

=== . 

At 
2

π
=t , 5cos5 =−= πx , 

0sin10 == πv , 20cos20 −== πa . 

 

 

Application of second derivative to the analysis of graphs 

of functions 

 

Given a continuous and ‘smooth’ function ( )xf , 

 

( )cf ′  ( )cf ′′  at cx =  

= 0 > 0 local minimum 

= 0 < 0 local maximum 

= 0 = 0 stationary inflection point 

≠ 0 = 0 inflection point 

 

  Local min.       Local max.       Stationary         Inflection 

                                                   inflection pt.     point 

      ( )xf  

 

 

 

        c 

 

      ( )xf ′  

 

 

        c 

 

 

      ( )xf ′′  

                                                                                    

         

        c 

 

 

 

 

Example 1    Find the stationary points and inflection points 

of the function xe
x sin , π20 ≤≤ x .  Sketch the graph. 

 

Let xey
x
sin= , ( )xxexexe

dx

dy xxx
sincossincos +=+= , 

( ) ( ) xexxexxe
dx

yd xxx
cos2sincoscossin

2

2

=+++−= . 

Inflection points: 0
2

2

=
dx

yd
, 0cos2 =∴ xe

x , 0cos =∴ x , 

2

3
,

2

ππ
=x .  

2

3

2 ,

ππ

eey −=∴ .     













2,

2

π
π

e , 













− 2

3

,
2

3
π

π
e . 
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Stationary points: 0=
dx

dy
, ( ) 0sincos =+∴ xxe

x , 

 

0sincos =+∴ xx , 0tan1 =+ x , 1tan −=x , 

4

7
,

4

3 ππ
=∴ x . 

2

2

4

3
sin

4

3

4

3
π

π
π e

ey ==∴  or 
2

2

4

7
sin

4

7

4

7
π

π
π e

e −= . 

















2

2
,

4

3 4

3π

π e
, 

















−
2

2
,

4

7 4

7π

π e
. 

At 
4

3π
=x , 0

4

3
cos2cos2 4

3

2

2

<==
π

π

exe
dx

yd x , 

















∴
2

2
,

4

3 4

3π

π e
 is a local maximum. 

At 
4

7π
=x , 0

4

7
cos2cos2 4

7

2

2

>==
π

π

exe
dx

yd x , 

















−∴
2

2
,

4

7 4

7π

π e
 is a local minimum. 

 

 
 

 

Example 2    Find and determine the nature of the stationary 

points and inflection points of the function with equation 

1
2

+
=

x

x
y .  Does it have an asymptote?  Sketch its graph. 

 

 

1
2

+
=

x

x
y , 

( ) ( )

( ) ( )22

2

22

2

2
1

1

1

21

+

−
=

+

−+
=

′−′
=′

x

x

x

xxx

v

vuuv
y , 

( ) ( ) ( ) ( )( )
( )42

2222

1

212121

+

+−−−+
=′′

x

xxxxx
y  

( )( )
( )42

22

1

312

+

−+
=

x

xxx
. 

 

Stationary points: 0=′y , 
( )

0
1

1
22

2

=
+

−

x

x
, 01 2 =−∴ x , 

1,1−=∴ x , 
2

1
,

2

1
−=∴ y .      








−−

2

1
,1 , 









2

1
,1 . 

 

At 1−=x , 0>′′y , 







−−∴

2

1
,1  is a local minimum. 

At 1=x , 0<′′y , 







∴

2

1
,1  is a local maximum. 

 

Inflection points: 0=′′y ,  

( )( )
( )

0
1

312
42

22

=
+

−+

x

xxx
, 

( )( ) 0312 22 =−+∴ xxx ,  

3,0 ±=∴ x , 
4

3
,0 ±=∴ y .     

( )0,0 , 













−−

4

3
,3 , 















4

3
,3 . 

 

 
Horizontal asymptote: 0=y . 

 

 

 

 

Implicit differentiation 
 

This topic is an application of the chain rule. The derivatives 

of relations like 922 =+ yx  and yxxy +=23 can be 

obtained by implicit differentiation. This method eliminates 

the tedious task of rewriting a relation to make y the subject. 

 

Example 1   Given 922 =+ yx , use implicit differentiation 

to find 
dx

dy
 in terms of x. 

 

Differentiate both sides of 9
22

=+ yx  with respect to x, use 

the chain rule if necessary. Note: y is a function of x. 

 

( ) ( )9
22

dx

d
yx

dx

d
=+ ,  

( ) ( ) 0
22

=+ y
dx

d
x

dx

d
, 

( )
02

2

=×+
dx

dy

dy

yd
x ,  

022 =+∴
dx

dy
yx , 

y

x

dx

dy
−= . 

Since 29 xy −±= , 
2

9 x

x

dx

dy

−
±=∴ . 
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Example 2    Given yxxy +=23 , use implicit 

differentiation to find 
dx

dy
 in terms of x and y. Hence 

evaluate 
dx

dy
at 2=x . 

 

Differentiate both sides of yxxy +=
2

3  with respect to x, 

( ) ( )yx
dx

d
xy

dx

d
+=

2
3 , 

( ) ( ) ( ) ( )y
dx

d
x

dx

d
y

dx

d
xx

dx

d
y +=+

22
33 , 

( )
dx

dy

dx

dy

dy

yd
xy +=×+∴ 133

2
2 , 

dx

dy

dx

dy
xyy +=+∴ 163

2
, 

2
316 y

dx

dy

dx

dy
xy −=− , ( ) 2

3116 y
dx

dy
xy −=− ,  

16

31 2

−

−
=∴

xy

y

dx

dy
. 

 

At 2=x , yy += 26
2 , 026

2
=−− yy , 

( )( ) 02312 =−+ yy , 
3

2
,

2

1
−=∴ y . 

 

Hence 
28

1
=

dx

dy
, 

21

1
− . 

 

 

Related rates 

 

In a related rates problem, the rate of change of one 

quantity is expressed in terms of the rate of change of 

another quantity. This requires one to find a relationship 

(i.e. an equation) between the two quantities, and using the 

chain rule to differentiate both sides with respect to time or 

other variables. 

 

 

Example 1    Air is pumped into a spherical balloon at a 

constant rate of  80 cm3s-1. How fast does the radius 

increase when it is 30 cm? 

 

The two quantities in this problem are volume V cm
3
 and 

radius r cm. Their relationship is 
3

3

4
rV π= . 

 

Differentiate both sides with respect to time t: 

dt

dr
r

dt

dr
r

dr

d
r

dt

d

dt

dV 233
4

3

4

3

4
πππ =








=








= , 

dt

dV

rdt

dr
2

4

1

π
=∴ .  

 

Given 80+=
dt

dV
, at 30=r ,  

( ) ππ 45

1
80

304

1
2

=×=
dt

dr
cms

-1
. 

 

 

 

 

 

Example 2    A lighthouse is on a small island 2.5 km from 

the nearest point P on a straight shoreline. The light makes 

four revolutions per minute. How fast is the beam of light 

moving along the shoreline when it is 0.5 km from P? 

 

 

 

 
 

                                          P     x        Shoreline 

 

 

                                     2.5           Beam 

 

                                             θ 
 

 

                                                  Lighthouse 

 

Let x km be the distance of the beam from P along the 

shoreline, and θ the angle in radians between the beam and 

the dotted line. 

The two quantities in this problem are x and θ. Their 

relationship is θtan5.2=x . 

 

 Differentiate both sides with respect to time t (hours): 

( ) ( )
dt

d

dt

d

d

d

dt

d

dt

dx θ
θ

θ
θ

θ
θ 2

sec5.2tan5.2tan5.2 === . 

 

Given =
dt

dθ
4 rev min-1 π8= radians min-1  

π480= radians hour
-1

, and at 5.0=x , 

1974.0
5.2

5.0
tan 1 =








= −θ . 

( ) 39214801974.0sec5.2
2

=×=∴ π
dt

dx
kmh

-1
. 

 

Alternative method: 

Express the relationship as 







=

−

5.2
tan

1 x
θ . 

Differentiate both sides with respect to time t (hours): 

dt

dx

xdt

dxx

dx

dx

dt

d

dt

d
22

11

5.2

5.2

5.2
tan

5.2
tan

+
=








=








=

−−θ
, 

3921480
5.2

5.05.2

5.2

5.2
2222

=×
+

=
+

=∴ π
θ

dt

dx

dt

dx
kmh-1. 

 

 

Example 3    A playground slide has a profile given by  

23

x

ey
−

= , ]5,0[∈x . A kid slides down the slope and has a 

horizontal speed of 1.5 ms
-1

 at 3=x m.  Calculate the 

vertical speed at that instant. 

 

           y 

     3 

 

 

 

 

                                                            1.5 ms
-1 

 
      0                                   3                    5               x 
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The two quantities in this problem are x and y. Their 

relationship is 23

x

ey
−

= . 

 

Differentiate both sides with respect to time t (s): 

dt

dx
e

dt

dx
e

dx

d
e

dt

d

dt

dy
xxx

222

2

3
33

−−−

−=== . 

 

Given 5.1=
dt

dx
at 3=x ,  

50.05.1
2

3
2

3

−=×−=∴
−

e
dt

dy
ms-1, i.e. the vertical speed of 

the kid is 0.50 ms
-1

. The negative sign indicates downward 

motion. 

 

 

Example 4    Consider the following pulley system in lifting 

a load. The side pulley is 4.0 m from the wall. The rope is 

pulled at a constant speed of 0.80 ms-1. How fast does the 

load rise when the centre pulley is 1.0 m lower than the side 

pulley? 

 

                                    2.0 m                2.0 m        

Side pulley                                       

                                                     y m 

                               L/2                               L/2 

 

                                                        Centre pulley 

          0.80 ms
-1

 

                                                         Load       Wall 

 

 

 

 

 

 

 

Let L m be the length of the rope between the side pulley 

and the wall when the centre pulley is y m lower than the 

side pulley. 

 

22

2

2
2

y
L

+=







, 4

4

2

−=∴
L

y . 

 

Differentiate both sides with respect to time t (s): 

dt

dL

L

L

dt

dLL

dL

dL

dt

d

dt

dy

4
4

4

4
4

4
4 2

22

−

=−=−=  

dt

dL

L

L

dt

dy

162
2

−
=∴ . 

 

Given 80.0−=
dt

dL
, when 0.1=y , 52=L , 

89.0−=∴
dt

dy
, i.e. y decreases at 0.89 ms-1 and the load 

rises at 0.89 ms
-1

. 

 

 

 

 

 

Review of some basic anti-differentiation properties 
 

1)    ( ) ( )∫ +=′ cxfdxxf  

2)    ( ) ( )∫ ∫= dxxhkdxxkh  

3)    ( ) ( )( ) ( ) ( )∫ ∫∫ ±=± dxxqdxxpdxxqxp  

 

Example 1    Find dx
x

e x

∫ 







−

1
2 2 . 

 

∫∫ 







−=








− dx

x
edx

x
e xx 1

2
1

2 22  









+−=








−= ∫ ∫ cxedx

x
dxe e

xx
log

2

1
2

1
2

22  

Cxe e

x +−= log22  

 

Example 2    Anti-differentiate 
x

xxx 12 25 −+−
. 

 

( )∫∫ −
−

+−=
+−

dxxxdx
x

xxx 2
12

25
25

 

∫∫∫
−

+−= dxxdxxdx
2

25  

C
x

xx +−−=
1

2
2

5 2
 

 

 

Example 3    If ( ) xxxf 2sin2cos −=′ , find  ( )xf , given 

0
2

=






 π
f . 

 

( ) xxxf 2sin2cos −=′ , ( ) ( )∫ −=∴ dxxxxf 2sin2cos  

∫ ∫−= xdxxdx 2sin2cos Cxx ++= 2cos
2

1
2sin

2

1
. 

Given 0
2

=






 π
f , 0

2
2cos

2

1

2
2sin

2

1
=+








+







∴ C

ππ
, 

2

1
=∴C . Hence ( )

2

1
2cos

2

1
2sin

2

1
++= xxxf . 

 

 

Example 4    Differentiate ( )( )12sinlog −xe  and hence find 

an anti-derivative of ( )12cot −x . 

 

Apply the chain rule: Let uy elog= , where ( )12sin −= xu , 

( )12sin

11

−
==

xudu

dy
, ( )12cos2 −= x

dx

du
 . 

( )( )
( )

( )
( )12cot2

12sin

12cos2
12sinlog −=

−

−
=×=−∴ x

x

x

dx

du

du

dy
x

dx

d
e

( ) ( )( )12sinlog
2

1
12cot −=−∴ x

dx

d
x e . 

Hence ( ) ( )( )∫∫ −=− dxx
dx

d
dxx e 12sinlog

2

1
12cot  

( )( ) ( )( )∫ −=−= 12sinlog
2

1
12sinlog

2

1
xdxx

dx

d
ee . 
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Anti-differentiation techniques 
 

Anti-differentiation of  
22

1

xa −
  and  

22 xa

a

+
 

 

( )xf  ( )∫ dxxf  

0,
1

22
>

−
a

xa
 C

a

x
Sin +







−1  

( )
0,

1

1

2
>

−
a

ax

 ( ) CaxSin
a

+
−11

 

0,
1

22
>

−

−
a

xa
 C

a

x
Cos +







−1
 

( )
0,

1

1

2
>

−

−
a

ax

 ( ) CaxCos
a

+
−11

 

0,
22

>
+

a
xa

a
 C

a

x
Tan +







−1
 

( )
0,

1

1
2

>
+

a
ax

 ( ) CaxTan
a

+
−11

 

 

 

Example 1    Find dx
x

∫
−

−

2
2

1
. 

 

( )
C

x
Cosdx

x

dx
x

+







=

−

−
=

−

−
∫∫

−

2
2

1

2

1 1

2
22

 

 

Example 2    Find an anti-derivative of 
25

3

x+
. 

 

( ) ( )∫∫∫
+

=
+

×
=

+
dx

x
dx

x
dx

x 2
2

2
2

5

3

2

5

5

5

3

5

5

5

3
 









=

−

55

3 1 x
Tan  or 







−

55

53 1 x
Tan . 

 

Example 3    Anti-differentiate 
2

41

1

x−
. 

 

( ) ( )
∫ ∫∫

−

=
−

=
−

dx

x

dx
x

dx
x 22

2
12

4
12

2

1

4

1

41

1
 

( )
( ) CxSinC

x
Sindx

x

+=+









=

−

= −−

∫ 2
2

1

2

11

2

1 1

2
1

1

22

2
1

. 

 

Alternative method: 

 

( )
( ) CxSindx

x
dx

x
+=

−
=

−

−

∫∫ 2
2

1

21

1

41

1 1

22
 

 

 

 

 

 

Anti-differentiation of expressions of the form  

( )( ) ( )xgxgf '  using the substitution  ( )xgu =  
 

Note: dudx
dx

du
=  

 

Example 1    Find dxxx∫ − 2312 . 

Let 231 xu −= , x
dx

du
6−= , 

dx

du
x

6

1
−=∴ . 

∫∫ 







−=−∴ dx

dx

du
udxxx

6

1
2312 2  

( ) CxCuduu +−−=+×−=−= ∫ 2

3
22

3

2

1

31
9

2

3

2

3

1

3

1
. 

 
 

Example 2    Find an anti-derivative of 
( )

x

xe

2
log

. 

Let xu elog= , 
xdx

du 1
= . 

( )
∫ ∫∫ == duudx

dx

du
udx

x

xe 22

2
log

 

( ) CxCu e +=+=
33

log
3

1

3

1
. 

 

Example 3    Find xdxx 22 tansec∫ . 

Let xu tan= , x
dx

du 2
sec= . 

∫ ∫∫ == duudx
dx

du
uxdxx

2222
tansec  

CxCu +=+=
33

tan
3

1

3

1
. 

 

Example 4    Find dx
xSinx

∫ −
−

12
1

1
. 

Let xSinu
1−= , 

2
1

1

xdx

du

−
= . 

∫ ∫∫ ==
−

−
du

u
dx

dx

du

u
dx

xSinx

11

1

1

12
 

CxSinCu ee +=+=
−1

loglog  

 

Example 5    Anti-differentiate xx 32 sincos . 

 

∫∫ = xdxxxxdxx sinsincossincos 2232  

( )∫ −= xdxxx sincos1cos
22

 

( )∫ −= xdxxx sincoscos 42 . 

Let xu cos= , x
dx

du
sin−= , 

dx

du
x −=∴sin . 

( ) ( )∫∫ 







−−=−∴ dx

dx

du
uuxdxxx 4242 sincoscos  

( )∫ +−=−= Cuuduuu
3524

3

1

5

1
 

Cxx +−=
35

cos
3

1
cos

5

1
. 
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Anti-differentiation by linear substitution 
 

This technique is particularly useful for expressions of the 

form ( ) ( )baxgxf + , where ( )xf  is a polynomial function 

and g  is a rational power function of bax + .  

Using the substitution baxu += , ( ) ( )baxgxf +  becomes 

( )ug
a

bu
f 







 −
. 

 

Example 1    Find dxxx∫ −1 . 

Let xu −=1 , then ux −=1 , 1−=
dx

du
 or 

dx

du
−=1 . 

( ) ( )∫∫∫ −−=







−−=− duuudx

dx

du
uudxxx 2

1

111  

Cuuduuu +−=












−= ∫ 2

3

2

5

2

1

2

3

3

2

5

2
 

( ) ( ) Cxx +−−−= 2

3

2

5

1
3

2
1

5

2
. 

 

Example 2    Find dx
x

x

∫ +

+

1

12

. 

Let 1+= xu , then 1−= ux , 1=
dx

du
. 

( )
∫ ∫∫ 













+−=

+−
=

+

+ −

duuuudx
dx

du

u

u
dx

x

x
2

1

2

1

2

3

2

1

22

22
11

1

1
 

Cuuu ++−= 2

1

2

3

2

5

4
3

4

5

2
 

( ) ( ) ( ) Cxxx ++++−+= 2

1

2

3

2

5

141
3

4
1

5

2
. 

 

Example 3    Find an anti-derivative of ( )( )3

2

3212 −+ xx . 

Let 32 −= xu , then 
2

3+
=

u
x , 2=

dx

du
 or 1

2

1
=

dx

du
. 

( )( ) ( )∫∫ 







+=−+ dx

dx

du
uudxxx

2

1
43212 3

2

3

2

 

∫ 












+=














+= 3

5

3

8

3

2

3

5

5

12

8

3

2

1
4

2

1
uuduuu  

( ) ( )3

5

3

8

32
5

6
32

16

3
−+−= xx . 

 

 

 

Anti-differentiation using the trigonometric identities  

( ) ( )( )axax 2cos1
2

1
sin

2
−=  and ( ) ( )( )axax 2cos1

2

1
cos

2
+=  

 

Example 1    Find dx
x








∫ 2

cos2 . 

( ) ( )∫ ∫∫ +=+=







dxxdxxdx

x
cos1

2

1
cos1

2

1

2
cos2

( ) Cxxcxx ++=++= sin
2

1

2

1
sin

2

1
. 

Example 2    Anti-differentiate ( ) xx 53sin2 2 − . 

 

( )( ) ( )( )∫∫ −−=− dxxxdxxx 532cos153sin2 2  

( ) Cxxx +−−=
2

2

5
6sin

6

1
. 

 

Example 3    Find an anti-derivative of x4cos . 

 

( ) ( )
2

224 2cos1
2

1
coscos 








+== xxx  

( )xx 2cos2cos21
4

1 2
++=  

( )







+++= xx 4cos1

2

1
2cos21

4

1
 









++= xx 4cos

2

1
2cos2

2

3

4

1
 

( )xx 4cos2cos43
8

1
++=  

 

=∴∫ xdx4cos ( )∫ ++ dxxx 4cos2cos43
8

1
 









++= xxx 4sin

4

1
2sin23

8

1
 

( )xxx 4sin2sin812
32

1
++= . 

 

 

 

 

Anti-differentiation using partial fractions of rational 

functions with quadratic denominators 
 

Partial fractions 

 

A fraction can be changed to the sum or difference of two or 

more fractions, for examples, 

 

3

2

2

1

6

5
+= ,  

2

1

4

1

4

3
+= ,  

5

4

2

1
1

10

11
−+= . 

 

Rational algebraic expressions can also be changed to partial 

fractions if the denominator can be factorised. 

 

Example 1    Change   
4

1
2

−

+

x

x
  to partial fractions. 

 

( )( )
( ) ( )
( )( )22

22

2222

1

4

1
2 +−

−++
=

+
+

−
=

+−

+
=

−

+

xx

xBxA

x

B

x

A

xx

x

x

x
. 

 

Compare the numerators: ( ) ( ) 122 +=−++ xxBxA , it is true 

for all Rx ∈ . 

Let 2=x , 34 =A , 
4

3
=A . 

Let 2−=x , 14 −=− B , 
4

1
=B . 

Hence 
224

1 4
1

4
3

2 +
+

−
=

−

+

xxx

x
 or 

( ) ( )24

1

24

3

+
+

− xx
. 
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Example 2   Convert  
( )2

3−x

x
 to partial fractions. 

 

The rational expression has a repeated factor. 

( ) ( )
( )
( )222

3

3

333 −

+−
=

−
+

−
=

− x

BxA

x

B

x

A

x

x
. ( ) xBxA =+−∴ 3 . 

 

Let 3=x , 3=∴B . Let 0=x , 33 ==∴ BA , 1=∴ A . 

Hence 
( ) ( )22

3

3

3

1

3 −
+

−
=

− xxx

x
. 

 

Example 3    Transform  
23

32
2

2

+−

+

xx

x
  to partial fractions. 

 

The numerator and denominator have the same degree. 

( )
23

16
2

23

16232

23

32
22

2

2

2

+−

−
+=

+−

−++−
=

+−

+

xx

x

xx

xxx

xx

x
 

( )( ) 12
2

12

16
2

−
+

−
+=

−−

−
+=

x

B

x

A

xx

x
 

( ) ( )
( )( )12

21
2

−−

−+−
+=

xx

xBxA
. ( ) ( ) 1621 −=−+−∴ xxBxA . 

 

Let 2=x , 11=A . Let 1=x , 5−=B . 

Hence 
1

5

2

11
2

23

32
2

2

−
−

−
+=

+−

+

xxxx

x
. 

 

Example 4    Find dx
x

x

∫ −

+

4

1
2

. 

Refer to example 1. 

∫∫ 








+
+

−
=

−

+
dx

xx
dx

x

x

224

1 4
1

4
3

2

Cxx ee +++−= 2log
4

1
2log

4

3
 

 

Example 5    Find ( ) ( )dxxfxF ∫= , given
( )2

3
)(

−
=

x

x
xf   

and ( ) 44 =F . 

Refer to example 2, 
( ) ( )22

3

3

3

1

3
)(

−
+

−
=

−
=

xxx

x
xf . 

( ) ( )
( )∫∫ 











−
+

−
== dx

xx
dxxfxF

2
3

3

3

1
 

C
x

xe +
−

−−=
3

3
3log . 

Given ( ) 44 =F , ( ) 4
34

3
34log4 =+

−
−−=∴ CF e , 

7=∴C . Hence ( ) 7
3

3
3log +

−
−−=

x
xxF e . 

 

Example 6    Anti-differentiate  
23

32
2

2

+−

+

xx

x
. 

Refer to example 3.  

∫ +−

+
dx

xx

x

23

32
2

2

∫ 








−
−

−
+= dx

xx 1

5

2

11
2  

Cxxx ee +−−−+= 1log52log112 . 

 

Relationship between the graph of a function and the 

graphs of its anti-derivatives 
 

The graph of the gradient of an anti-derivative is the graph 

of the original function, ( ) ( )∫ = xfdxxf
dx

d
Q , where ( )xf  

is the original function. 

 

 

 

Example 1    Sketch the graph of  ( )xf  given the graph of  

( ) ( )∫= dxxfxF  shown below. 

 

                                                 F(x) 

 

 

 

                                                                                  x 

 

 

 

                                                  ( )xf  

 

 

 

                                                                                 x 

 

                                                           

 

 

 

 

Example 2    Given the graph of an anti-derivative of a 

function as shown below, sketch the graph of the function. 

 

 

                                                  F(x) 

 

 

                                                                                         x 

                                                         •                      
                                                                                  

 

 

                                                  f(x) 
                                                              

                                                              •   
 

                                                                                         x 
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Example 3    Sketch the graph of an anti-derivative of the 

function ( )xf  shown below. 

 

                                f(x) 

 

 

 

 

                                                                                         x 

 

 

 

 

                                F(x)  

 

                                                            F(x) 

 

                                                                                         x 

 

                                                       F(x) + C1 

                                                 
                                                   

 

                                                    F(x) + C2 

                                                
 

 

 

 

On the above graph sketch another two anti-derivative 

graphs of the given function ( )xf . 

 

 

 

Evaluation of definite integrals 
 

In cases involving substitution and change of variable x to u, 

it is not necessary to convert the anti-derivative back to the 

original variable x before evaluation. It is simpler to change 

the values of the lower and upper limits of the definite 

integral to the values corresponding to the new variable u. 

 

Example 1    Evaluate dx
x

xe
e∫1

log
. 

 

Let xu elog= , 
xdx

du 1
= . 

When 1=x , 01log == eu , when ex = , 1log == eu e . 

 
2

1

2

1log
1

0

2
1

011

=







===∴ ∫∫∫ uududx

dx

du
udx

x

x ee
e  

 

Example 2    Evaluate ∫ 4

0

2
tansec

π

xdxx . 

 

Let xu tan= , x
dx

du 2
sec= . 

When 0=x , 00tan ==u , when 
4

π
=x , 1

4
tan ==

π
u . 

2

1

2

1
tansec

1

0

2
1

0

4

0

4

0

2 =







===∴ ∫∫∫ uududx

dx

du
uxdxx

ππ

. 

 

Example 3    Evaluate ( )∫12

0

5
2cos

π

dxx  

( ) ( )( ) ( ) ( )( ) ( )xxxxx 2cos2sin12cos2cos2cos
22225 −==  

( ) ( )( ) ( )xxx 2cos2sin2sin21
42

+−= . 

 

Let ( )xu 2sin= , ( )x
dx

du
2cos2= , ( )

dx

du
x

2

1
2cos =∴ . 
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